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Abstract 

We explain a new relationship between formal group laws and ring spectra 
in stable homotopy theory. We study a ring spectrum denoted DB which 
depends on a commutative ring B and is closely related to the topological 
Andre-Quillen homology of B. We present an explicit construction which to 
every 1-dimensional and commutative formal group law F over B associates 
a morphism of ring spectra i 7 * : HZ — > DB from the Eilenberg-MacLane 
ring spectrum of the integers. We show that formal group laws account for 
all such ring spectrum maps, and we identify the space of ring spectrum maps 
between HZ and DB. That description involves formal group law data and 
the homotopy units of the ring spectrum DB . 
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1 Introduction 

In this paper we explain a new relationship between formal group laws and ring 
spectra in stable homotopy theory. We use formal group laws to construct maps 
of ring spectra and describe spaces of ring spectrum maps in terms of formal 
group data. 

Our main object of study is a ring spectrum denoted DB which functorially 
depends on a commutative ring B . The ring spectrum DB controls the stable 
homotopy theory of augmented commutative -B-algebras. Its homotopy groups 
ir^DB are the Cartan-Bousfield-Dwyer algebra of stable homotopy operations 
of commutative simplicial B -algebras |10|IT|IT2]. The homotopy groups n^DB 
are also isomorphic to the T -homology [12], relative to B, of the polynomial al- 
gebra B[x] on one generator, and to the topological Andre-Quillen homology 
of the associated Eilenberg-MacLane spectra. Both T-homology and topologi- 
cal Andre-Quillen homology arise in obstruction theory for ring spectrum 
structures [IJ . We elaborate more on the precise relationship in Remark 13.31 
below, and we also refer to the survey paper [3] by Basterra and Richter. 

We present an explicit construction which to every 1-dimensional and commu- 
tative formal group law F over B associates a homomorphism of ring spectra 

: HZ — ► DB 

from the Eilenberg-MacLane ring spectrum of the integers to DB . We prove 
that in this way formal group laws account for all ring spectrum maps, ie, we 
show: 

Theorem The construction which sends a 1-dimensional, commutative formal 
group law F to the ring spectrum map F* induces a natural bijection between 
the set of strict isomorphism classes of formal group laws over B and the set 
of homotopy classes of ring spectrum maps from HZ to DB . 

This theorem is a corollary of the identification of the space of all ring spec- 
trum maps between the Eilenberg-MacLane ring spectrum HZ and DB . That 
description involves the homotopy units (DB) X of the ring spectrum DB. The 
group-like simplicial monoid {DB) X of homotopy units acts by conjugation 
on the space Ring(i7Z, DB) of ring spectrum maps. The construction F* of 
the first theorem extends to a natural weak map from the classifying space of 
the groupoid of formal group laws and strict isomorphisms J-QC str {B) to the 
homotopy orbit space Ring(i7Z, DB)/ con], of the conjugation action of the 
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identity component (DB)* of the units on the space of ring spectrum maps. 
In Theorem 15.21 we show 

Theorem The weak map 

TQC str (B) — ► Ring(FZ,ZXB)/conj. 

from the classifying space of the groupoid of formal group laws and strict iso- 
morphisms to the homotopy orbit space of the conjugation action is a weak 
homotopy equivalence. 

Another corollary of this main theorem is that the ring spectrum DB is not 
equivalent to the Eilenberg-MacLane ring spectrum of any differential graded 
algebra (or, equivalently, of any simplicial ring); see Corollary 113.21 for the 
precise statement. This should be compared to the fact that the spectrum un- 
derlying DB (ie, ignoring the multiplication) is stably equivalent to the smash 
product HZAHB (see Theorem 13 . 21 ( b ) ) . in particular it is equivalent to a prod- 
uct of Eilenberg-MacLane spectra. Corollary 113.21 says that the multiplicative 
structure of DB is considerably more complicated. 

Prerequisites We freely use the language and standard results from the the- 
ory of model categories; the original source for this material is |39j . a more mod- 
ern introduction can be found in |13| . and the ultimate reference is currently 
|23| . Our notion of ring spectrum is that of a Gamma-ring (see |29l 2.13] or [441 
Def. 2.1]). Gamma-rings are based on a symmetric monoidal smash product 
for T-spaces with good homotopical properties [3H1E1I1H1- The foundational 
material about the homotopy theory of Gamma-rings and their modules can be 
found in [11]; a summary is also given in Section^ The results of this paper can 
be translated into other frameworks for ring spectra by the general comparison 
procedures described in |32M45| . We also need a few basic facts from the theory 
of formal group laws, which in this paper (with the exception of Section Il3|) are 
always 1-dimensional and commutative; all we need is contained in 128., or in 
Chapter III, §1 of HSJ. 

Outline of the paper 

Section |5] We review some general facts about T-spaces and Gamma-rings. 
We recall the assembly map (|2.5j) from the smash product to the composition 
product of T-spaces which is used several times in this paper. 

Section |3] We review the Gamma-ring DB and summarize some of its prop- 
erties in Theorem 13.21 Construction 13.51 associates a homomorphism of ring 
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spectra F* : HZ — > DB to every formal group law F . We state in Theorem 
13.81 how this accounts for all homotopy classes of Gamma-ring maps. 

Section|l] For every Gamma-ring R we construct a natural conjugation action 
of the simplicial monoid of homotopy units R x (|3.9|) on R through Gamma-ring 
homomor phisms . 

Section [S] We construct a weak map 

jrgc^(B) ^— TQC St \B) Ring(ffZ, D£)/conj. 

from the classifying space of the groupoid of formal group laws and strict iso- 
morphisms to the homotopy orbit space of the conjugation action of Section |1J 
The left map is a weak equivalence by construction. Theorem 15.21 which is the 
main theorem of this paper, says that the right map k is a weak equivalence. 

Section |H] We use a filtration of the Gamma-ring DB, coming from powers 
of the augmentation ideal, to reduce the proof of Theorem 15.21 to showing that 
a truncated version 

K k : Bud (B) — ► Ring(£Z"Z,L> fc £)/conj. 

of the map k of Section |S] is a weak equivalence for all k > 1 (see Theorem l6,4j) . 

. k 

Here Bud (B) is (weakly equivalent to) the classifying space of the groupoid of 
A; -buds (or A; -jets) of formal group laws and D k B is the "quotient" Gamma- 
ring of DB by the "ideal" coming from {k + l)st powers of the augmentation 
ideal. 

Section [7] We exploit that two successive stages in the filtration of DB form 
a "singular extension" of ring spectra 

(B®S k ) 1 — D k B — D k _ x B 

where (B®S k )' is a "square zero ideal" coming from the k-th. symmetric power 
functor. This allows us to reduce the problem to showing that a certain map 

K msk : Z(B®S k ) — ► der(#Z,5®<S fe )/conj. 

to the homotopy orbit space of the derivations of HZ with coefficients in the 
symmetric power functor is a weak equivalence. Here Z(B (g) S k ) is (weakly 
equivalent to) the classifying space of the groupoid of symmetric 2-cocycles of 
degree k over B. 
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Section |S] For later use we define a map 

X G : Z(G) — ► map^(^Z c 5 HZxGi,) ftGst(z) 

for every functor G from the category of finitely generated free abelian groups to 
the category of all abelian groups; the important case is when G is a symmetric 
power functor B (X> S k . Here 2(G) is the classifying space of the groupoid 
of symmetric 2-cocycles of the functor G (|8.1|) . rnapg-^ denotes the simplicial 
mapping space of Gamma-rings, G s t is the Dold-Puppe stabilization of G (|8.9j) 
and the Gamma-ring HZ x G\ t is the split singular extension of HZ by the 
bimodule G l st (OJ). 

Section El We compare the map K B ^ S k of Section with the map \s^s k °f 
Section |S] by means of a commutative square 

(EE} Z{B®S k ) ^der(i!Z,B®«S fe )/conj. 



Z(5 -— map^(tfZ c , tfZ x (B ® cS fc )i t ) MB05fc)st(z) 

in which the vertical maps are weak equivalences. Hence instead of showing 
that K Bt ^ S k is a weak equivalence we may show that \B®s k 

Section 1101 By the results of the previous sections, the proof of the main 
theorem is reduced to an identification of the space of Gamma-ring maps 

map gn {HZ c , H1x{B® S k )[ t ) 

(or more precisely a certain homotopy orbit space thereof) with the classifying 
space of symmetric 2-cocycles. In this section we reinterpret the above mapping 
space in terms of the category sT of simplicial functors from the category of 
finitely generated free abelian groups to the category of abelian groups. We 
note that the construction which sends G € sT to the split extension H7j x G' 
(|7,4j) has a left adjoint 

C: GR/HZ — ► sT 

from the category of Gamma-rings over HZ to the category of simplicial func- 
tors. Moreover, the two functors form a Quillen adjoint pair between model 
categories. In order to identify the above mapping space, we evaluate the left 
adjoint C on the Gamma-ring HZ C , the cofibrant replacement of HZ. We de- 
note by J the functor which supports the universal symmetric 2-cocycle (|8.3|) . 
The main result of this section, Theorem 110.21 states that the map 

C(HZ C ) — ► J 
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which is adjoint to the "universal derivation" (|8.6f) 

: HZ C — ► HZx f 

is a stable equivalence of simplicial functors. This implies that for any reduced 
functor G the homotopy groups of the space 

map gn (HZ c ,HZx G l st ) map s ^{C(HZ c ),G st ) 

are isomorphic to the hyper-cohomology groups Ext^r( J, QG) , for * < 0, in the 
abelian category T of reduced functors from the category of finitely generated 
abelian groups to the category of abelian groups. The chain complex QG is 
MacLane's cubical construction for the functor G (|8.9[) . 

Section 1111 We prove a homological criterion, Theorem 111.11 in terms of the 
functor G for when the map Ac defined in Section [HI is a weak equivalence. 
Loosely speaking, the criterion requires that "MacLane cohomology equals 
topological Hochschild cohomology" for the functor G, compare Remark II 1.21 
The precise meaning of this is that for all integers m < 2 the map 

Ext^(/,G) — ► Ext^(J,QG) 

be an isomorphism. The map G — ► QG is a model for Dold-Puppe stabi- 
lization and it is initial, in the derived category of !F, among maps from G to 
complexes whose homology functors are additive. Ext™(/, — ) denotes hyper- 
Ext groups of the functor I with coefficients in a chain complex of functors. In 
Example II 1.31 we also give a functor for which the criterion fails. 

Section 1121 In Theorem 1 1 2 . 1 1 we verify the homological criterion of Theorem 
lll.ll for the symmetric power functors G = B(g>S k . This finishes the proof of our 
main theorem: Theorem 111.11 shows that the map X^s h ^ s a wea k equivalence, 
hence by the commutative square (|9.1jl the map n Br ^ S k is a weak equivalence. 
The commutative diagram (|7.7|) of fibre sequences shows inductively that the 

k 

maps Kfc : Bud (B) — ► Ring(iIZ, iVfc)/conj. of Theorem 16.41 are weak equiv- 
alences. Hence the (weak) map k: J : QC st (B) — ► Ring(ffZ, DB) /con], of 
Theorem 15.21 is a weak equivalence. 

Section 1131 In the last section we give an application of the main theorem 
as well as an outlook towards possible generalizations and future directions. 
Variations of the main construction are possible, and some of them are described 
in this final section. For example, formal groups can be replaced by formal A— 
modules where A is any ring (not necessarily commutative). Such formal A- 
modules give rise to Gamma-ring maps from the Eilenberg-MacLane Gamma- 
ring of A into DB. Furthermore when considering higher dimensional formal 
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group laws, the natural target of the construction is a matrix Gamma-ring over 
DB of the corresponding dimension. 

Acknowledgments The author would like to thank Jeff Smith for suggesting 
the method used in Section|I]to obtain the conjugation action; moreover, many 
ideas that appear in Section^Jarose in a joint project with Smith on derivations 
of ring spectra. 

2 Review of T— spaces and Gamma-rings 

In this section we review some general facts about T-spaces and Gamma-rings, 
and we fix notation and terminology. None of this material is new, but we 
present it in a form which is convenient for this paper. We also prove certain 
properties of the assembly map 1)2. 5 Jl from the smash product to the composition 
product of T-spaces which are used several times in this paper. 

2.1 r spaces The category of T-spaces was introduced by Segal [IE], who 
showed that it has a homotopy category equivalent to the stable homotopy cat- 
egory of connective spectra. Bousfield and Friedlander |Hj considered a bigger 
category of T-spaces in which the ones introduced by Segal appeared as the 
special Y -spaces (j2.3|) . Their category admits a closed simplicial model cate- 
gory structure with a notion of stable weak equivalences giving rise again to 
the homotopy category of connective spectra. Then Lydakis jUj introduced 
internal function objects and a symmetric monoidal smash product with good 
homotopical properties. 

The category r op has one object n + = {0,1,..., n} for every non-negative 
integer n, and morphisms are the maps of sets which send to 0. r op is 
equivalent to the opposite of Segal's category T [3Sj. A T-space is a covariant 
functor from r op to the category of simplicial sets taking + to a one point 
simplicial set. A morphism of T-spaces is a natural transformation of functors. 
We denote by § the T-space which takes n + to n + , considered as a constant 
simplicial set. If X is a T-space and K a pointed simplicial set, a new T-space 
X A K is defined by setting (X A K)(n + ) = X(n + ) A K. 

A T-space X can be prolonged, by direct limit, to a functor from the category 
of finite pointed sets to the category of (not necessarily finite) pointed sets. By 
degreewise evaluation and formation of the diagonal of the resulting bisimplicial 
sets, it can furthermore be promoted to a functor from the category of pointed 
simplicial sets to itself |3 §4] . The extended functor preserves weak equivalences 
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of simplicial sets [SJ Prop. 4.9] and is automatically simplicial, ie, it comes with 
coherent natural maps K A X(L) — ► X(K A L) . We will not distinguish 
notationally between the prolonged functor and the original T-space. 

The homotopy groups of a r -space X are defined as 

ir n X = colim i 7r n+ j|X(S' J )| , 

where the colimit is formed using the maps 

S 1 A X(S n ) — ► XiS 1 A S n ) . 

A map of T-spaces is a stable equivalence if it induces isomorphisms on ho- 
motopy groups. Since the functor given by a prolonged T-space preserves 
connectivity jSJ 4.10], the homotopy groups of a T-space are always trivial in 
negative dimensions. 

2.2 Smash products In [2"9l Thm. 2.2]. Lvdakis defines a smash product for 
T-spaces which is characterized by the universal property that T-space maps 
X A Y — ► Z are in bijective correspondence with maps 

X(k + ) A Y(l + ) — ► Z(k + M+) 

which are natural in both variables. By |29l Thm. 2.18], the smash product of 
T-spaces is associative and commutative with unit S, up to coherent natural 
isomorphism. There are also internal homomorphism T-spaces 29, 2.1], adjoint 
to the smash-product, so that the category of T -spaces forms a symmetric 
monoidal closed category. 

2.3 Special T— spaces A T-space X is called special if the map X(k + \/l + ) 
— > X(k + ) x X{1 + ) induced by the projections from k + vl + to k + and / + is a 
weak equivalence for all k and I . In this case, the weak map 

X{1+) x X(l+) ^— X{2+) X{1+) 

induces an abelian monoid structure on ttq {X{\ + )). Here V: 2 + — > 1 + is the 
fold map defined by V(l) = 1 = V(2). X is called very special if it is special 
and the monoid 7To(X(l + )) is a group. By Segal's theorem (|3H1 Prop. 1.4], 
see also Thm. 4.2]), the spectrum associated to a very special T-space X 
is an fi-spectrum in the sense that the maps |X(S n )| — ► 0|X(5™ +1 )| adjoint 
to the spectrum structure maps are homotopy equivalences. In particular, the 
homotopy groups of a very special T-space X are naturally isomorphic to the 
homotopy groups of the simplicial set X(l + ). 
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2.4 Model structures Bousfield and Friedlander introduce two model cat- 
egory structures for T -spaces called the strict and the stable model categories 
[SI 3.5, 5.2]. It will be more convenient for our purposes to work with slightly 
different model category structures, which we called the Quillen- or Q-model 
category structures in jll] and The strict and stable Q-structures have 
the same weak equivalences, hence the same homotopy categories, as the cor- 
responding Bousfield-Friedlander model category structures. In this paper we 
never consider the Bousfield-Friedlander model structures, so we drop the dec- 
oration 'Q' for the other model structure. 

We call a map of T-spaces a strict fibration (resp. a strict equivalence) if it is 
a Kan fibration (resp. weak equivalence) of simplicial sets when evaluated at 
every n + £ r op . Cofibrations are defined as the maps having the left lifting 
property with respect to all strict acyclic fibrations. The cofibrations can be 
characterized as the injective maps with projective cokernel, see |44l Lemma 
A3 (b)] for the precise statement. By |391 II. 4 Thm. 4], the strict equivalences, 
strict fibrations and cofibrations make the category of T -spaces into a closed 
simplicial model category. 

More important is the stable model category structure. This one is obtained 
by localizing the strict model structure with respect to the stable equivalences. 
We call a map of T -spaces a stable fibration if it has the right lifting property 
with respect to the cofibrations which are also stable equivalences. By [441 
Thm. 1.5], the stable equivalences, stable fibrations and cofibrations make the 
category of T -spaces into a closed simplicial model category. A T -space X is 
stably fibrant if and only if it is very special and X(n + ) is fibrant as a simplicial 
set for all n+ £ r op . 

A T-space X defines a spectrum X(S) (in the sense of 8, Def. 2.1]) whose n-th 
term is the value of the prolonged T -space at S n . For example, the T -space S 
becomes isomorphic to the identity functor of the category of pointed simplicial 
sets after prolongation. So the associated spectrum is the sphere spectrum. 
The functor that sends a T-space X to the spectrum X{S) has a right adjoint 
[SJ Lemma 4.6], and these two functors form a Quillen pair. One of the main 
theorems of (Hj says that this Quillen pair induces an equivalence between the 
homotopy category of T-spaces, taken with respect to the stable equivalences, 
and the stable homotopy category of connective spectra (see (HI Thm. 5.8]). 
We do not use this result here, but it is the main motivation for the study of 
T-spaces. 

2.5 The assembly map Given two T-spaces X and Y , there is a natural 
map X AY — > X oY from the smash product to the composition product 29, 
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2.12], |46l 1.8]. The formal and homotopical properties of this assembly map 
are of importance to this paper. Since T-spaces prolong to functors defined 
on the category of pointed simplicial sets, they can be composed. Explicitly, 
for T-spaces X and Y, we set (X o Y)(n + ) = X(Y(n + )). This composition 
o is a monoidal (though not symmetric monoidal) product on the category of 
T-spaces. The unit is the same as for the smash product, it is the T-space § 
which as a functor is the inclusion of r op into all pointed simplicial sets. 

The assembly map is obtained as follows. Prolonged T-spaces are naturally 
simplicial functors [HJ §3], which means that there are natural coherent maps 
X(K) A L — > X(K A L). This simplicial structure gives maps 

X(n + ) A Y(m + ) — ► X(n + A Y(m+)) — ► X(Y(n + A m+)) 

natural in both variables. From this the assembly map X A Y — ► X o Y 
is obtained by the universal property of the smash product of T-spaces. The 
assembly map is associative and unital, S being the unit for both A and o . In 
technical terms: the identity functor on the category of T-spaces becomes a 
lax monoidal functor from (QS,/\) to {QS, o). The homotopical properties of 
smash and composition product and of the assembly map are summarized in 
the following theorem, which is due to Lydakis |29| . 

Theorem 2.6 (a) The composition product of T-spaces preserves stable 
equivalences in each of its variables. 

(b) The smash product with a cohbrant T -space preserves stable equiva- 
lences. 

(c) Let X and Y be T-spaces, one of which is cofibrant. Then the assembly 
map 

X AY — ► XoY 

is a stable equivalence. 

Proof Parts (b) and (c) are J2D Prop. 5.12] and [13 Prop. 5.23] respectively. 

For any r -space F the structure map S 1 A F(S n ) — > F(S' 1 A S n ) is (2n + 1)- 
connected [221 Prop. 5.21]. So the map 7r* Q n \F(S n )\ — ► 7T* F is an isomor- 
phism for * < n. Hence if F — ► F' is a stable equivalence of T-spaces, 
then the map F{S n ) — * F'(S n ) is 2n-connected. If X is any T-space, 
then the prolonged functor preserves connectivity [23 Prop. 5.20], so the map 
X(F(S n )) — ► X(F'(S n )) is also 2n-connected. Thus the map XoF — ► XoF' 
is a stable equivalence. 

Qeometry & Topology, Volume 8 (2004) 



Formal groups and stable homotopy of commutative rings 



345 



It remains to show that the map F o X — ► F' o X is also a stable equivalence. 
By the previous paragraph we may assume that X is cofibrant, and then the 
claim follows from parts (b) and (c). □ 

2.7 Gamma-rings and their modules Our notion of ring spectrum is that 
of a Gamma-ring. Gamma-rings are the monoids in the symmetric monoidal 
category of T-spaces with respect to the smash product and they are special 
cases of 'Functors with Smash Product' (FSPs, cf. 1.1], |3Z1 2.2]). One can 
describe Gamma-rings as 'FSPs defined on finite sets'. From a Gamma-ring one 
obtains an FSP or symmetric ring spectrum (|H], (491 2.1.11]) by prolongation 
and, in the second case, evaluation on spheres. A more detailed discussion of 
the homotopy theory of Gamma-rings can be found in |44j . Homotopy theoretic 
results about the Gamma-rings can be translated into other frameworks for ring 
spectra by the general comparison procedures of |32| . 

Explicitly, a Gamma-ring is a T -space R equipped with maps 

§ — ► R and R A R — ► R , 

called the unit and multiplication map, which satisfy certain associativity and 
unit conditions (see |311 VII.3]). A morphism of Gamma-rings is a map of 
T-spaces commuting with the multiplication and unit maps. If R is a Gamma- 
ring, a left R-module is a T-space N together with an action map RAN — ► N 
satisfying associativity and unit conditions (see again |31| VII.4]). A morphism 
of left R -modules is a map of T-spaces commuting with the action of R. We 
denote the category of left i?-modules by R-mod. 

One similarly defines right modules and bimodules. Because of the universal 
property of the smash product of T-spaces (|2.2|) . Gamma-rings are in bijec- 
tive correspondence with lax monoidal functors from the category r op to the 
category of pointed simplicial sets (both under smash product). 

2.8 Examples The unit § of the smash product is a Gamma-ring in a unique 
way. The category of S-modules is isomorphic to the category of T-spaces. 
Other standard examples of Gamma-rings are monoid rings over the sphere 
Gamma-ring § and Eilenberg-MacLane models of classical rings. If M is a 
simplicial monoid, we define a T-space S[M] by 

S[M] (n+) = M+ A n + 

(so S[M] is isomorphic, as a T-space, to S A M + , see (|2.1jl ). There is a 
unit map S — ► S[M] induced by the unit of M and a multiplication map 
§[M] A S[M] — ► S[M] induced by the multiplication of M which turn S[M] 
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into a Gamma-ring. This construction of the monoid ring over § is left adjoint 
to the functor which takes a Gamma-ring R to the simplicial monoid i?(l + ). 

If A is an ordinary ring, then the Eilenberg-MacLane r -space HA is given by 
the functor which takes a pointed set K to the reduced free A -module A[K] 
generated by K . The unit map 

77 : K — ► A[K] 

is the inclusion of generators. The multiplication map 

H : A[K] A A[L] — ► A[K A L] 

takes a smash product (YlkeK a k'k) A (XwgL &i*0 *° ^ ne element Yl a kbr(k A Z). 
For later reference we note that the multiplication fi : HA AH A — ► HA factors 
as the composition 

HA A HA asscmbly , HA o £L4 — RA ^.9) 
of the assembly map p.5jl and the evaluation map. 

More examples of Gamma-rings arise from algebraic theories and as endomor- 
phism Gamma-rings, see |46( 4.5, 4.6]. The Gamma-ring DB 1)3. lj) is such an 
example. 



The modules over a fixed Gamma-ring and the category of all Gamma-rings 
form simplicial model categories, created by the forgetful functor to T-spaces 
[441 Thm. 2.2 and Thm. 2.5]. In these model structures a map is a weak 
equivalence (resp. fibration) if it is a stable equivalence (resp. stable fibration) 
as a map of T-spaces. For a ring A, the Eilenberg-MacLane functor H is 
the right adjoint of a Quillen equivalence between the model category of HA- 
modules and the model category of simplicial A -modules )44) Thm. 4.4]. 



3 The Gamma-ring DB and formal group laws 



In this section we recall the definition and some basic properties of our main 
object of study, the Gamma-ring DB, for B a fixed commutative ring. This 
Gamma-ring parameterizes the stable homotopy theory of augmented commu- 
tative simplicial B -algebras. In Construction ^ .51 we explain how a formal group 
law F over B gives rise to a homomorphism of ring spectra F* : H7L — > DB . 
The rest of this paper is then devoted to studying the homotopical significance 
of that construction. 
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By "parameterizing the stable homotopy theory" we mean that there is a 
Quillen-equivalence between the model category of Di3-modules and the model 
category of spectra of simplicial commutative B -algebras, see Theorem l3.2l (d) , 
Commutative simplicial algebras have been the object of much study |381 1121 
1201 1211 Hlfl 15 lj . The homology theory arising as the derived functor of abelian- 
ization in this category is known as Andre-Quillen homology for commutative 
rings. The stable homotopy category of simplicial commutative -B-algebras is 
equivalent to the homotopy category of Di?-modules. The homotopy groups 
of DB are the coefficients of the universal homology theory for commutative 
algebras. 

3.1 The Gamma-ring DB The T-space underlying the Gamma-ring DB 
takes a pointed set K to the augmentation ideal of the power series ring gen- 
erated by K , considered clS cl constant simplicial set: 

DB(K) = kernel (B{Kj — ► B{*j = B) . 

The tilde over 2? [if] indicates that the power series generator corresponding to 
the basepoint of K has been set equal to 0; thus B\*\ reduces to the coefficient 
ring. 

The product which makes DB into a Gamma-ring comes from substitution of 
power series. To define the multiplication map \x : DB A DB — ► DB we need 
to describe a natural associative map 

H : DB(K) A DB(L) — ► DB(K A L) 

for pointed sets K and L. An element of DB(K) is represented by a power 
series / in variables K without constant term. Similarly, an element of DB(L) 
is represented by a power series g in variables L. The multiplication map \i 
takes the smash product 

/ A g G DB{K) A DB(L) 

to the power series fj,(f A g) in the variables K A L defined by 

,k m ) A g(h,...,l n )) = 

f(g(h a h,...,kiA l n ), ■ ■ ■ ,g(k m A h, . . . , k m A l n ) ) . 

The unit map r/ : S — > DB , ie, natural transformation 

7] : K — ► DB(K) , 

sends an element of K to the generator it represents. The multiplication and 
unit transformations [i and r\ are associative and unital because substitution 
of power series is, so DB is in fact a Gamma-ring. 

Qeometry & Topology, Volume 8 (2004) 



348 



Stefan Schwede 



Some important properties of DB are summarized in the following theorem. 
Most of these results are compiled from |46| . In |46l 7.9], we use the notation 
DB for a slightly different Gamma-ring, namely the Gamma-ring associated to 
the algebraic theory of augmented commutative .B-algebras. Let DB po1 denote 
the sub-T-space of DB whose value at a pointed set K consists of all polyno- 
mials in K , ie, the power series in DB(K) with only finitely many non-zero 
coefficients. The sub-T-space DB po1 is closed under the multiplication of DB , 
and the unit map rj: § — ► DB factors through DB po1 . Hence DB po[ is a 
Gamma-ring and the inclusion DB poX — > DB is a homomorphism. DB P is 
exactly the Gamma-ring which is denoted DB in |46[ 7.9]; there is no homotopi- 
cal difference between the two Gamma-rings since the inclusion DB poi — ► DB 
is a stable equivalence, see Theorem 13.21 fa) below. However, in this paper it is 
more convenient to work with the power series model, so we give it the simpler 
name. 

Theorem 3.2 (a) The inclusion DB po[ — > DB is a stable equivalence of 
Gamma-rings. 

(b) As a r -space, DB is stably equivalent to the derived smash product of 
the Eilenberg-MacLane T -spaces HZ and HB; in particular, the sta- 
ble homotopy groups of DB are additively isomorphic to the spectrum 
homology of the Eilenberg-MacLane spectrum of B . 

(c) The graded ring of homotopy groups of DB is isomorphic to the ring 
of stable homotopy operations of commutative augmented simplicial B — 
algebras. 

(d) There is a Quillen adjoint functor pair between the model category of 
DB -modules and the model category Sp(B-alg) of spectra of commu- 
tative augmented simplicial B-algebras. The adjoint pair passes to an 
equivalence between the homotopy category of DB -modules and the ho- 
motopy category of connective spectra of commutative augmented sim- 
plicial B-algebras. 

Proof (a) Let (B <g> «S fe ) ! denote the T -space defined by 

(B®S k ) l (K) = B <g> (Z[if]® fe /£fc) , 

the tensor product of B with the k-th symmetric power of the reduced free 
abelian group on K. An isomorphic description of (B ®S k )'(K) is as the free 
reduced i? -module on the k-th symmetric power of K , 

(B®S k ) l (K) B[K Ak /Z k ] . 
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The underlying T-space of DB is the infinite product of the symmetric power 
functors (B ® S k )' for all k > 1. The polynomial model DB po1 is the weak 
product of these symmetric power functors. Since the stable homotopy groups 
of the T-space (B(&S k )' are trivial up to dimension 2k — 3 [111 12.3], the weak 
product and the product are stably equivalent. 

(b) We let SP denote the T-space which takes a pointed set K to its infinite 
symmetric product, ie, the free abelian monoid generated by K with basepoint 
as identity element. By the Dold-Thom theorem, the group completion map 
SP — ► H7L is a stable equivalence of T-spaces. We choose a cofibrant re- 
placement HB C of HB as a T -space and obtain a chain of homomorphisms of 
T -spaces 

HB C AHZ HB C ASP HB C o SP 

— HBoSP DB po1 — D£ . 

The first map is a stable equivalence since smashing with a cofibrant T-space 
preserves stable equivalences [2*91 , 5.12]. The second map is the assembly map 
(|2.5jl . which is a stable equivalence by [21, 5.23]. The third map is a stable equiv- 
alence since the composition product of T-spaces preserves stable equivalences 
in both variables (Theorem 12.61 (a)). The reduced free B -module generated by 
SP(K) is isomorphic to the polynomials without constant term generated by 
K , subject to the basepoint relation. This gives as isomorphism of V -spaces 
between HB o SP and D^p 01 . The last map is a stable equivalence by part 
(a). 

Part (c) and (d) are special cases of [IB, 4.11]. and jH3 4.4] respectively; see 
also 001 7.9]. □ 

The ring of stable homotopy operations of commutative augmented simplicial 
.B-algebras — ie, the graded ring of homotopy groups of DB — is sometimes 
called the stable Cartan-Bousfield-Dwyer-algebra since these authors calcu- 
lated the unstable operations for B = ¥ p , see [71 • An explicit calculation 
of 7T* DF P can be found as Theorems 12.3 (for p = 2) and 12.6 (for p odd) in 
Bousfield's unpublished paper [JJ. The fact that the ring of stable homotopy 
operations is generally not commutative shows that DB is not stably equiva- 
lent to the derived smash product HB A L HZ as a Gamma-ring (unless B is a 
Q -algebra). 

3.3 Relation to topological Andre-Quillen homology and T-homology 

There are isomorphisms of graded abelian groups 

tt*DB ^ HT*(B[x]\B;B) ^ TAQ*{HB[x]\HB;HB) . (3.4) 
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Here HT*(B[x] |B; B) is the T -homology in the sense of Robinson and White- 
house |42| . of the polynomial algebra B[x], considered as an augmented B- 
algebra; moreover, TAQ*(HB[x]\HB; HB) denotes the topological Andre- 
Quillen homology of the Eilenberg-MacLane ring spectrum HB[x] relative 
to HB . Both r -homology and topological Andre-Quillen homology groups are 
studied because they carry obstructions to the existence of ring spectrum 
structures jlj (it is a coincidence that the symbol V occurs both in T-homology 
and as the category r op ). 

The first isomorphism in (|3.4|) comes about as follows. By 13.21 (a) above, the 
Gamma-ring DB has a stably equivalent polynomial model DB po1 ; as a T- 
space, DB po1 is isomorphic to the functor which assigns to the object n + 
of r op the B -module B\x\® Bn . By a theorem of Pirashvili and Richter |361 
Thm. 1], the homotopy groups ir^DB are thus isomorphic to the T-homology 
HT*(B[x]\B; B) of the polynomial algebra B[x] relative to B. The second 
isomorphism in (|3,4[) is due to Basterra and McCarthy |2j, who show that for 
Eilenberg-MacLane spectra of classical rings, topological Andre-Quillen homol- 
ogy coincides with T -homology. The survey article [2] by Basterra and Richter 
discusses all these identifications in more detail. 

The isomorphisms (|3.4[) do not mention the multiplicative structure of tt*DB. 
In Sections 5.1 and 7.9 of [1^1 we associate to any augmented commutative 
B-algebra A a DB-module which models the suspension spectrum of 

A as an augmented commutative .B-algebra. The underlying T-space of ^^A 
sends n + E r op to the B -module A® Bn . So 36 , Thm. 1] yields an isomorphism 
of graded abelian groups 

7T* (SfA) = HT*(A\B;B) 

(at least if A is flat as a B -module). The DB-action on S^j4 gives more 
structure to T -homology, since the left hand side above has a natural action 
of the graded ring ir*DB = HT*(B[x]\B; B). We see moreover that the ho- 
motopical object underlying T -homology is not just a chain complex, but a 
.DB-module spectrum. 

The main objective of this paper is the study of the homotopy type of DB as 
a ring spectrum and of a close relationship to formal group theory. More pre- 
cisely we will describe the space of Gamma-ring maps from HZ, the Eilenberg- 
MacLane Gamma-ring of the integers (|2.8|) . to DB in terms of formal group law 
data. Unless stated otherwise, formal group laws will always be 1 -dimensional 
and commutative. To see how non-commutative and higher-dimensional formal 
group laws fit into our context see Remarks 113.41 and 113.51 
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Construction 3.5 Suppose that F is a 1-dimensional and commutative for- 
mal group law over the commutative ring B. In other words, F is a power 
series in two variables x and y with coefficients in B which satisfies 

F(x,0) = x = F(0,x) , 
F(x,y) = F(y,x) and 
F(F(x,y),z) = F(x,F(y,z)) . 

We define a map F* : HZ, — > DB of Gamma-rings. For every pointed set K 
we have to specify a map 

F*(K) : Z[K] = HZ(K) — ► DB(K) C B\K\ 

which is natural in K and respects the multiplication and unit maps. The map 
F*(K) simply takes a sum ~Ylk&K a k ' & °f generators of the free abelian group 
on K to the formal sum 

keK 

with respect to F, of the same elements viewed as generators of the power 
series ring. Here [ti]f denotes the n-series of the formal group law F for every 
integer n G Z. We omit the verification that the map F* indeed commutes 
with the multiplication and unit map. For example, on the level of underlying 
monoids this means that the map 

[-] F : Z HZ(1 + ) — ► DB(l + ) = x-B[xj 

is a homomorphism from the multiplicative monoid of the integers to the monoid 
of power series without constant term under substitution, ie, it boils down to 
the relation 

[n]i?([m]i?(x)) = [n ■ m]i?(x) 

for n,m G Z. 

Remark 3.6 We offer two additional ways of looking at the above construction 
of the Gamma-ring map F* ; the three definitions correspond to looking at a 
commutative 1-dimensional formal group law as either 

(a) a power series F(x, y) in two variables with certain properties, 

(b) an abelian cogroup structure, in the category of complete, augmented 
commutative £> -algebras, on the power series ring 

(c) or a morphism of algebraic theories from the theory of abelian groups to 
the theory of complete, augmented, commutative B-algebras. 
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The first point of view leads to the explicit formula for the Gamma-ring map 
F* that was just given in Construction I3~51 

The interpretation (b) of a formal group law exhibits the Gamma-ring map F* 
as a special case of a more general construction associated to an abelian cogroup 
object. Indeed, to every object X in a pointed category with coproducts C 
one can associate an endomorphism Gamma-ring Kndc(X) (see |4fi( 4.6] or 
113. 3|) . Then every abelian cogroup structure on the object X leads to a map 
of Gamma-rings H7L — ► Endc(X); we refer to 113.31 for more details. 

Perspective (c) leads to a compact description in the language of algebraic 
theories 3.3.1]. Specifying a 1-dimensional, commutative formal group law 
over B is the same as specifying a morphism of algebraic theories 3.7.1] from 
the theory of abelian groups to the theory of complete, augmented, commutative 
-B-algebras. The construction |44l 4.5] which associates to a pointed algebraic 
theory T its stable Gamma-ring T s is functorial for morphisms of algebraic 
theories. Now HZ is the Gamma-ring associated to the theory of abelian groups 
and DB is the Gamma-ring associated to the theory of complete, augmented, 
commutative B-algebras. Hence a formal group law F defines a morphism of 
algebraic theories, thus a morphisms of associated Gamma-rings. 

Example 3.7 The additive formal group law is given by 

F a (x,y) = x + y . 
The associated Gamma-ring map F£ is the composite 

HZ »- HB DB 

of the unique Gamma-ring map HZ — * HB with the 'inclusion' of HB into 
DB as the linear power series. Conversely, this is the only case in which the 
Gamma-ring map F* factors over the inclusion HB — ► DB on the point-set 
level: the power series F(x, y) can be recovered from the Gamma-ring map F* 
as the image of x + y € Z[x, y] under 

F* : Z[x,y] = HZ({x,y} + ) — » DB({x,y} + ) QB\x,y\; 

so if F* factors over HB , then F(x, y) has only linear terms, so that necessarily 
F(x,y) = x + y. 

Another formal group law which exists over any ring B is the multiplicative one 
given by 

F m (x,y) = x + y + xy. 
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The multiplicative formal group law can be used to express the Gamma-ring 
DB additively as the smash product of the Eilenberg-MacLane Gamma-rings 
for B and Z; indeed the composite map 

incl. A L F™ a 

HB A L HZ DB A L DB > DB 

is in the same homotopy class as the stable equivalence of Theorem 13.21 (b) . 

The homotopical significance of the point-set level construction of 13.51 is sum- 
marized in the following 

Theorem 3.8 Construction \3. 5l which to a 1-dimensional, commutative formal 
group law F associates the Gamma-ring map F* : H7L — ► DB induces a 
natural bijection 

FGL(S)/strict isomorphism — = -3- [HI,, DB] Gamma-rings 

between the strict isomorphism classes of formal group laws over B and the set 
of maps from HZ to DB in the homotopy category of Gamma-rings. 

Theorem 13.81 is the 7To-part of a space level statement relating formal groups 
to Gamma-ring maps between H7L and DB in Theorem 15.21 In the simpli- 
cial model category of Gamma-rings every pair of objects has a homomorphism 
space (ie, simplicial set). As usual with model categories, in order to give the 
morphism space a homotopy invariant meaning, the source object has to be 
replaced by a weakly equivalent cofibrant one, and the target object has to 
be replaced by a weakly equivalent fibrant one. Then the components of the 
(derived) space of Gamma-ring maps are the morphisms in the homotopy cate- 
gory of Gamma-rings. Theorem 15. 21 below identifies the derived homomorphism 
space of Gamma-ring maps from H7L to DB. The answer is given in terms of 
formal group law data and the simplicial monoid of homotopy units of DB . 

3.9 Homotopy units Let R be a Gamma-ring and i? f a stably fibrant re- 
placement of R in the model category structure of |44l 2.5]. As for any Gamma- 
ring, the underlying space it! f (l + ) is a simplicial monoid with product induced 
by the multiplication map i? f A R { — > R { . Moreover, i? f (l + ) is a model for 
the infinite loop space of the spectrum represented by R. We define the ho- 
motopy units R x as the union of the invertible components of the simplicial 
monoid i? f (l + ). So i? x is a group-like simplicial monoid which is independent 
up to weak equivalence of the choice of fibrant replacement. Moreover there are 
natural isomorphisms of homotopy groups 

ttqR x = units (ttq R) and 7Tj R x = m R for i > 1. 
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For any classical ring A, the units of A act by conjugation on A and hence on 
the set of ring homomorphisms from any other ring to A. In Section 0] we make 
sense of the analogous conjugation action for Gamma-rings. For any Gamma- 
ring R we construct, after change of models, a strict action of the homotopy 
units R x on R by Gamma-ring homomorphisms. More precisely we introduce 
a simplicial group UR X , weakly equivalent to R x , and a fibrant Gamma-ring, 
stably equivalent to R, and on which UR X acts by conjugation. Below we only 
use the action of the simplicial subgroup U R x , the connected component of 
the unit element. We can consider the homotopy orbit space of the conjugation 
action of UR X on the simplicial set Rmg(H7j,R) = mapg R (-ffZ c , i? f ) . We 
denote that homotopy orbit space by Ring(i7Z, f?)/conj. 

Construction 13.51 associates to every formal group law over B a Gamma-ring 
map from the Eilenberg-MacLane Gamma-ring H7L to DB. This map gives 
rise to a point in the space of Gamma-ring maps Ring(//Z, DB) . In Section 
El we extend this to a natural weak map from the classifying space J-QC stl (B) 
of the groupoid of formal group laws and strict isomorphisms to the homotopy 
orbits space of the conjugation action, ie, we construct a diagram of simplicial 
sets 

FG£ stI (B) ^— TgC st \B) Ring(m, D£)/conj. 

in which the first map is a weak equivalence. The main result of this paper, 
Theorem 15.21 says that the map k: TQL (B) — > Rmg(HZ, DB)/conj. is a 
weak equivalence. Theorem 13 .81 is the bijection induced on path components by 
the weak equivalence k. 

4 The conjugation action 

In this section we construct the conjugation action of the homotopy units of a 
Gamma-ring on the Gamma-ring. In view of the application to DB we need 
a construction relative to a group which maps to the multiplicative monoid of 
the Gamma-ring. In the example of DB that group is the group of invertible 
power series on one generator over B. 

Construction 4.1 We consider a Gamma-ring R together with a simplicial 
group G and a homomorphism of simplicial monoids ip: G — > i?(l + ). The 
conjugation action of G on R is described by a map of simplicial monoids 

c: G — ► mapgn(R,R) . 
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Here for g G G the conjugation map c(g) : R — > R is defined at a pointed set 
K as the composite 

R{K) gAidA^ Q+ A fl(Jf) A G+ ^MidA^ R(l+) A A R(l+) 

mult - » i?(l+AKAl+) . 

We omit the formal verification that the conjugation map is in fact a homo- 
morphism of Gamma-rings, that the definition extends to higher dimensional 
simplices of G , and that the formula c(g ■ g') = c(g) o c(g') holds. The monoid 
map c can now be used to let the group G act on the space of Gamma-ring 
maps from any Gamma-ring S to R via 

G x m&p gn (S,R) — ► m&p gn (S,R) , (g,f) i-> c{g) o / . 

The goal of this section is to extend the conjugation action from the given 
group G to the homotopy units (|3.9|) of R. The problem is that Construc- 
tion ^3 makes use of strict inverses, whereas the homotopy units R x are only 
a group-like simplicial monoid. One way to solve this would be to find a sta- 
ble equivalence of Gamma-rings from R to some stably fibrant Gamma-ring 
R i which has the property that every element in an invertible component of 
i? f (l + ) has a point-set inverse. But it seems unlikely that this can be done in 
general, and we use a different approach. 

Construction 4.2 As above we consider a Gamma-ring R together with 
a simplicial group G and a homomorphism of simplicial monoids ip: G — ► 
i?(l + ). If R — > R i is a stably fibrant replacement of R in the model cate- 
gory of Gamma-rings then R x was defined in 13.91 as the simplicial monoid of 
invertible components in i? f (l + ). The image of the simplicial group G under 
the map i?(l + ) — ► i? f (l + ) is contained in the invertible components, which 
provides a morphism of simplicial monoids G — ► R x . We explained in l4.1l how 
the group G acts on spaces of Gamma-ring maps into R, and we now want to 
extend this to a conjugation action of the homotopy units R x . 

We start by factoring the homomorphism G — * R x in the model category of 
simplicial monoids (a special case of 39 , II. 4 Thm. 4]) as a cofibration followed 
by an acyclic fibration 

G> C R X R x . 

We denote by UR X the algebraic group completion of the simplicial monoid 
cR x . So UR X is obtained from cR x by formally adjoining inverses in every 
simplicial dimension. Since the map G — * cR x is a cofibration of simplicial 
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monoids, the monoid cR x is a retract of a simplicial monoid which is dimen- 
sionwise a free product of a group and a free monoid [39, II p. 4.11 Rem. 4]. By 
the following Lemma the group completion map cR x — * UR X is thus a weak 
equivalence. 

Lemma 4.3 Let M be a simplicial monoid which in every dimension is a free 
product of a group and a free monoid, and such that itqM is a group. Then 
the group completion map M — > UM is a weak equivalence. 

Proof We call a simplicial monoid N good if the group completion map N — ► 
UN induces a weak equivalence BN — ► BUN of classifying spaces. For any 
simplicial monoid N whose components form a group, BN is a delooping of 
N , ie, the map \N\ — > Q\BN\ is a weak equivalence; this follows for example 
by applying B.4] to the sequence of bisimplicial sets N — > E,N — ► B,N . 
So it suffices to show that any monoid as in the statement of the lemma is good. 

Suppose M and N are good, discrete monoids. We claim that then the free 
product M *N is also good. By 33, Lemma 4], the canonical map of simplicial 
sets BMvBN — > B(M * N) is a weak equivalence. Since U(M * N) = 
UM * UN (the coproduct in the category of groups coincides with the free 
product of underlying monoids), the map BUM v BUN — ► BU(M * N) is 
also a weak equivalence and the claim follows. 

Every group, viewed as a constant simplicial monoid, is good. The classifying 
spaces of the free monoid on one generator and of the free group on one generator 
are both weakly equivalent to a circle. So a free monoid on one generator is 
good. By the above and by direct limit, a free product of a group with a free 
monoid is good. 

The classifying space BN of a simplicial monoid N is the diagonal of the 
bisimplicial set given by the classifying spaces BN m of the individual monoids 
N m in the various simplicial dimensions. Hence if N is a simplicial monoid 
such that the discrete monoid N m is good for all m > 0, then N itself is good. 
This proves the lemma. □ 

We take the adjoint S[c J R x ] — > i? f of the monoid map cR x — ► R x — > R f (1 + ) 
(where §[ci? x ] is the monoid Gamma-ring (|2.8|) ) and factor it in the model 
category of Gamma-rings as a cofibration followed by an acyclic fibration 

S[cR*]> R X — ^ R t . 
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We then define another Gamma-ring R2 as the pushout, in the category of 
Gamma-rings, of the diagram 

S[cR x }> >Ri 



§[UR X ] »- R 2 . 

For every pointed simplicial set K the T -space § AK is cofibrant; in particular 
the underlying T-spaces of S[ci? x ] and S[[/i? x ] are cofibrant. By |13 4.1 (3)] 
the underlying T -space of R± is also cofibrant, so by the following lemma the 
map R\ — ► R2 is a stable equivalence of Gamma-rings. 

Lemma 4.4 Consider a diagram of Gamma-rings 

X Y — > Z 

in which the left map is a stable equivalence, the right map is a coEbration and 
all three Gamma-rings are cofibrant as T -spaces. Then the map from Z to the 
pushout of the diagram is also a stable equivalence. 

Proof We denote the pushout of the diagram by P. We first consider the sit- 
uation where the map Y — ► Z is obtained by cobase change from a generating 
cofibration. In other words we assume that there exists a cofibration K — > L 
of T-spaces such that Z is the pushout of the diagram of Gamma-rings 

Y < T(K) — ► T(L) 

where T denotes the tensor algebra functor. This special kind of pushout in 
the category of Gamma-rings is analyzed in the proof of |471 Lemma 6.2]. The 
pushout Z is then the colimit of a sequence of cofibrations of T -spaces 

Y = Zq — > Z\ — ► • • • — ► Z n — ► • • • 

for which the subquotient Z n /Z n _i is isomorphic to (L / K) An A y A ( n+1 ) . In the 
same way the composite pushout P is the colimit of a sequence of cofibrations 
of T-spaces with subquotients isomorphic to (L/K) An A X A ^ n+l \ The smash 
product of T-spaces preserves stable equivalences between cofibrant objects 
|29( Thm. 5.12], so the induced maps on the subquotients of the nitrations for 
Z and P are all stable equivalences. So the maps induced on all finite stages, 
and finally the map Z — > P on colimits are also stable equivalences. 

By induction the lemma thus holds whenever the cofibration Y — ► Z is the 
composite of finitely many maps obtained by cobase changes from generating 
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cofibrations. Since homotopy groups of T -spaces commute with transfinite 
compositions over cofibrations, the lemma holds whenever Y — > Z is such a 
transfinite composition of cobase changes of generating cofibrations. Finally, 
if the lemma holds for a cofibration Y — ► Z, then it also holds for any re- 
tract. But all cofibrations of Gamma-rings are obtained by a sequence of these 
constructions by the small object argument. □ 

We finally let R% be a stably fibrant replacement of the Gamma-ring R2. We 
can display all the relevant objects thus constructed in a commutative diagram 
of Gamma-rings 

m *r 

S[ C RX]> * Rl R i 

§[UR X ] ^R 3 

In this diagram the Gamma-rings R { ,Ri and R3 are fibrant, and the maps 
between them are stable equivalences. Furthermore, the induced map from the 
simplicial group UR X to the invertible components of the underlying monoid of 
i?3 is a weak equivalence. As described in 14.11 the simplicial group U R x acts 
by conjugation on R3 via homomorphisms of Gamma-rings, and this action 
extends the action of G. 

Remark 4.5 Construction EOl can be made functorial in the triple (R,G,ip : 
G — ► R(l + )) since the factorizations in the model categories of simplicial 
monoids and of Gamma-rings can be made functorial. 

5 The comparison map 

We now use the conjugation action of the previous section in the case of the 
Gamma-ring DB. We obtain a model for the homotopy invariant space of 
Gamma-ring maps from H7L to DB on which the homotopy units of DB act 
by conjugation. So we can form the homotopy orbit space with respect to the 
conjugation action. We then construct a weak map from the classifying space 
of the groupoid of formal group laws and strict isomorphisms to the homotopy 
orbit space of the conjugation action. In the remaining sections we show that 
that map is a weak equivalence. 
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In the later sections we need a version of the weak map from the classifying 
space FQC str {B) to the homotopy orbit space for other Gamma-rings. So we 
set up the construction of the (weak) map in a slightly more general context. 

Construction 5.1 Again we consider a Gamma-ring R, a simplicial group G 
and a homomorphism of simplicial monoids ip: G — * R(l + ). We now make 
the additional assumption that the image of G lands in the unit component of 
R, ie, the composite map 

G R(l + ) — ► tt R 

is constant with value 1 £ itqR. This assumption is not very important, but it 
slightly simplifies certain arguments later. Moreover we are given a simplicial set 
X with an action of the simplicial group G and suppose we are are also given a 
G-equi variant map X — > mapg^ilZ, R) , where G acts on the mapping space 
by conjugation (|4.1|1 . In our main example, R will be the Gamma-ring DB and 
G will be the discrete group of power series in one variable with leading term x 
and with multiplication give by substitution. Furthermore, X will be the set of 
formal group laws over B, and the map FGL(B) — ► mapg^(i?Z, DB) takes 
F to . 

In Construction EOl we produced a simplicial group UR X , a homomorphism of 
simplicial groups G — ► C/i? x and a commutative diagram of Gamma-rings 

S[G] ^=S[G] ^8[UR X ] 

R l ^^Ri — 

in which the lower horizontal maps are stable equivalences between stably fi- 
brant models of R. Furthermore, the induced map from the simplicial group 
UR X to the invertible components of the underlying monoid of R$ is a weak 
equivalence. The simplicial group G acts by conjugation on R, R% and R%, 
hence on the spaces of Gamma-ring maps from any other Gamma-ring into R, 
R\ and R$. If S is a cofibrant Gamma-ring, then the lower horizontal maps 
induce weak equivalences 

^VgR(S,R { ) map gjR (S', J Ri) — map gR (S, R 3 ) 

which are G-equi variant. Furthermore the action of G on m&pg R (S, R$) ex- 
tends to an action of the group UR X . So we have extended, up to weak equiv- 
alence, the action of the group G to the action of a simplicial group weakly 
equivalent to the homotopy units of R. 
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If we now choose a cofibrant replacement HZ C — ► HZ in the model category 
of Gamma-rings, then the space mapg^(HZ c , R3) is a model for the homo- 
topy invariant space of Gamma-ring maps. Furthermore, the simplicial group 
UR X acts on this space by conjugation, hence so does its subgroup UR* , 
the connected component of the identity element. We abbreviate the space 
map g^(H Z c , R3) to Ring(ffZ, R) and write Ring(ffZ, it!)/conj. for the homo- 
topy orbit space of the conjugation action of the connected simplicial group 
UR*, 

Ring(i7Z, J R)/conj. = map gn (HZ c , Rz) hUR * ■ 

We now use the G-space X and the equivariant map X — ► mapg^HZ, R) 
to construct a weak map from the homotopy orbit space XhG to the homotopy 
orbit space Ring(i7Z, i?)/conj.. We let X denote the pullback of the diagram 

^Vqr{HZ c ,Ri) 

X *ma.p gR {HZ°,tf) 

Since all spaces in the diagram have an action by the group G and all maps are 
equivariant, the group G acts on the space X . Since the map R\ — ► i? f is an 
acyclic fibration of Gamma-rings, the induced map on homomorphism spaces 
is an acyclic fibration, hence so is the map X — > X. The stable equivalence 
of Gamma-rings R\ — > R3 induces a G-equivariant map of homomorphism 
spaces mapg n (HZ c , Ri) — > vaapg n (HZ c , R3) . 

The conjugation action of G on the target space extends to an action of the 
simplicial group UR X . By our assumption on the homomorphism tp: G — ► 
i?(l + ) the image of G lands in the identity component UR* . We denote by k 
the map induced on homotopy orbit spaces 

k: X hG > map giz (HZ c , Ri) h G 

► map giz (HZ c , R3) hUR x = Ring(i7Z, i?)/conj. 

So altogether we have obtained a weak map of homotopy orbit spaces 
XhG XhG ^^Ring(#Z,i?)/conj. 

Now we return to the main example and apply Construction ^ .ll to the Gamma- 
ring DB . In this case G is the discrete group &(B) of power series (f(x) in one 
variable over B with leading term x , with composition (substitution) of power 
series as the group structure. This group acts on the set of formal group laws 
over B via 

FV(x,y) = (p(F((p~ 1 (x), <^ _1 (?/))) . 
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In fact, F 1 ? is defined so that (p: F — ► F^ is a strict isomorphism of formal 
group laws. The homomorphism <&(B) — > DB(\ + ) = x-B\x\ is the inclusion. 
Because of the equality 

= if -F^-v 1 

as maps of Gamma-rings HZ — > DB, the assignment F i— > i 7 "* from the set 
FGL(B) of formal group laws to the set of Gamma-ring maps from HZ to DB 
is 3>(.B)-equi variant. The homotopy orbit space FGL(B) h $( B -j is isomorphic 
to the classifying space of the groupoid of formal group laws and strict isomor- 
phisms, which we denote by FQ C str (B) . So Construction yields maps 

FQC^(B) = FGL"*(B) M(B) ^— FGI?%B) M(B) 

Rmg(HZ, DB) /conj. 

- — ■ — str 

where the upper map is a weak equivalence. We use the notation FQC (B) 

for the homotopy orbit space FGL S T (B) h ^^ . The following theorem is our 
main result: 

Theorem 5.2 The map 

as: TqE % \b) — ► Ring(fTZ,DB)/conj. 
is a weaJc equivalence. 

The proof of Theorem 15.21 occupies the rest of this paper. Since the homotopy 
orbit space construction defining r\ing(H7 J ,DB)/conj. involves a connected 
simplicial group, the quotient map 

Ring(HZ, DB) — ► Ring(#Z, DB) /conj. 

induces a bijection of path components. The set [HZ, DB] Gamma-rings is canon- 
ically isomorphic to the components of the mapping space Ring(BZ, DB) , so 
Theorem 13.81 is just the bijection of path components induced by the weak 
equivalence k of Theorem 15.21 

In addition to the homotopy classes of Gamma-ring maps, Theorem l5 . 2l allows us 
to identify the higher homotopy groups of the space Ring(HZ, DB) of Gamma- 
ring maps. Since the group ir\(DB) x = -k\DB is trivial bv 13.21 (b), the sim- 
plicial group (DB)* is 1-connected, so the quotient map Ring(ifZ, DB) — ► 
r\mg(HZ, DB)/ con.}, induces an equivalence of fundamental groupoids. To- 
gether with Theorem 15.21 this implies that the fundamental groupoid of the 
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space Ring(i7Z, DB) is equivalent to the groupoid FQC stT (B). In particular 
this yields isomorphisms 

mBhig(HZ,DB;F*) = Aut strict (F) 

between the fundamental group at the basepoint F* e Rmg(iIZ, DB) and 
the strict automorphism group of F. Since the homotopy orbit space of the 
conjugation action is weakly equivalent to the classifying space of a groupoid, 
its homotopy groups are trivial above dimension 1; so for every F the action 
map 

U(DB)* — ► Ring(FZ, DB) , ui — ► u ■ F* ■ u^ 1 

induces isomorphisms of homotopy groups ix n DB = ir n Ring(ffZ, DB; F*) for 
n > 2. 

Example 5.3 For algebras over the rational numbers, the map k of The- 
orem 15.21 is trivially an equivalence. Indeed, if B is a Q-algebra, and F 
a 1-dimensional and commutative formal group law over B, then there is a 
strict isomorphism (called the logarithm of F) between F and the additive 
formal group law 19, III.l Cor. 1]. Moreover, F has no non-trivial strict au- 
tomorphisms, so the classifying space of the groupoid J-QL (B) is weakly 
contractible. 

On the other hand, the Gamma-ring DB is now stably equivalent to the 
Eilenberg-MacLane Gamma-ring HB by Theorem 13.21 (b). So both the space 
Ring(i7Z, DB) and the unit component of (DB) X are weakly contractible, 
hence so is the homotopy orbit space Ring(ffZ, DB)/conj. 

Remark 5.4 Instead of taking homotopy orbits with respect to the connected 
simplicial group U(DB)^ one can divide out the conjugation action of the 
entire homotopy units U(DB) X on the space Ring(ffZ, DB) . The resulting 
orbit space receives a (weak) map from the groupoid of formal group laws and 
all (ie, not necessarily strict) isomorphisms. The same proof as for Theorem 
15.21 shows that that map 

fQL{B) — » Rmg(HZ,DB) hU{DB)x 

is a weak equivalence. 

6 A filtration of DB 

The Gamma-ring DB has a natural filtration arising from powers of the aug- 
mentation ideal of the power series rings. There are truncated versions D^B of 



Geometry & Topology, Volume 8 (2004) 



Formal groups and stable homotopy of commutative rings 



363 



the Gamma-ring DB and analogues of the map k of Theorem 15 . 2 1 for every k. 
In this section we reduce the proof of Theorem 15.21 to the analogous statement 
about the stages of the filtration, see Theorem 16.41 

For k > 1 we denote by D k B the truncated version of the Gamma-ring DB 
obtained by dividing out all power series in the (k + l)-st power of the aug- 
mentation ideal. So as a T-space, 

D k B(K) = kernel (£?pq// fc+1 — ► B[*] = B) 

where I = K ■ B\K\ is the ideal of -B[iT] consisting of power series without 
constant term. The unit map again comes from the inclusion of generators 
and the multiplication is induced by substitution of (truncated) power series, 
similar to the definition for DB. In other words: D k B has a unique Gamma- 
ring structure for which the natural projection map DB — ► D k B is a homo- 
morphism of Gamma-rings. Note that D\B is isomorphic to the Eilenberg- 
MacLane Gamma-ring HB. There are maps of Gamma-rings DB — ► D k B 
and D k B — ► D k -\B induced by truncation of power series. 

Now we apply Construction I5TT1 to the Gamma-ring D k B. The group we work 
relative to is <& k (B) , the quotient of the group &(B) of power series over B with 
leading term x by the normal subgroup of power series which are congruent to 
the power series x modulo x k+1 . The group & k (B) injects into the monoid 
D k B(l + ), so Construction FOl provides a diagram of Gamma-rings 

^ ^S[U(D k B)*] 

(D k BY (DkB)i — - (D k B) 3 

in which the lower horizontal maps are stable equivalences between fibrant 
Gamma-rings. Furthermore the induced map from the simplicial group 
U(D k B) x to the invertible components of the underlying monoid of (D k B) 3 is 
a weak equivalence. Hence the simplicial group U(D k B) x acts by conjugation 
on the space 

Rmg(HZ,D k B) = m a p gR (HZ c , (D k B) 3 ) 

extending the action of the group & k (B). As in <|5.1|) we denote by 

Ring(iIZ,D fe B)/conj. 

the homotopy orbit space of Ring(i7Z, D k B) by the conjugation action of 
U(D k B)* , the identity component of U(D k B) x . 
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Since the Constructions l4~2"l and UTTl can be made functorial, truncations induce 
compatible maps 

Rmg(i?Z, DB) — ► Ring(#Z, D k B) 
and Rmg(HZ, D k B) — ► Ring(#Z, D k _ x B) 

and similarly for the orbit spaces by the conjugation actions. 

Lemma 6.1 The maps 

Ring(HZ,DB) > holing Ring(i?Z, D k B) 

and 

Ring(#Z,ZXB)/conj. ► holim fc (Ring(ffZ, D k B)/ccm].) 

induced by truncation are weak equivalences. 

Proof We apply the homotopy limit construction objectwise to Gamma- 
rings to obtain a construction of homotopy limits for Gamma-rings. As we 
explained in the proof of Theorem l3,2l (a), the homotopy fibre of the projection 
DB — > D k B is the product of certain T-spaces (B <X>5 m ) ! for m > k, each of 
which is (2k — 1) -connected. Hence the map 

(DB) 3 — ► holim fc (D k B) 3 

is a stable equivalence of Gamma-rings. So after taking homomorphism spaces 
from HZ C we obtain a weak equivalence of spaces 

map gn (HZ c ,(DB) 3 ) map gn (HZ c , holim fe (D k B) 3 ) 

^ holim fc Ring(#Z, D k B) 

which proves the first statement. Similarly, the induced map of homotopy units 

holimfc (D k B) x 

is a weak equivalence, and so also the homotopy orbit space Ring(//Z, DB) / conj . 
is the homotopy inverse limit of the truncated versions. □ 

On the formal group law side, the classifying space J-QC str (B) can also be ex- 
pressed as a homotopy limit of suitable truncated versions. We denote by Bud k B 
the classifying space of the groupoid of /c-buds [2H1 Def. 2.1] (also called fc-jets) 
of formal group laws over B and A; -buds of strict isomorphisms. Truncation 
induces maps 

fgC stv (B) — ► Bud k B and Bud k B — ► Bud k B l . 
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The classifying spaces J : QC str (B) and Bud k B are isomorphic to the homotopy 
orbit spaces ¥GL(B) h §^ and (Budg)^ fe ( B ) respectively. Since the group 
&(B) is the inverse limit of the groups <&k(B) and the set of formal group laws 
is the inverse limit of the sets of A; -buds, we have 

Lemma 6.2 The map 

TQC stT (B) — ► holim fc Bud k B 
induced by truncation on classifying spaces is a weak equivalence. 

Proof This an instance of a general fact about homotopy orbits of groups 
acting on sets, alias translation categories. Suppose {Gk — ► Gk-i}k>i is a 
sequence of surjective group homomorphisms, {Xk — > ^fc-i}fc>i a tower of 
sets, and suppose that Gk acts on Xk in such a way that the map Xk — > Xk-i 
is Gfc-equivariant. Then the inverse limit G = lim& Gk of groups acts on the 
inverse limit X = lim^ Xk of sets and the canonical map 

X h G — ► holim fc {X k )hG k 
is a weak equivalence. This follows from the homotopy fibre sequences 

Xk — * {Xk)hG k — * BGk 

by passage to homotopy inverse limit together with the fact that the natural 
maps 

X = linifc Xk — > holinifc Xk and BG — > holim^ BGk 

are weak equivalences (we note that the path components of the homotopy 
inverse limit of the classifying spaces BGk are m bijective correspondence with 
the set lim fc Gk', since we consider surjective group homomorphisms, this lim 1 - 
term is trivial and the map from BG to the homotopy inverse limit is indeed 
a weak equivalence). In our example Xk is the set of A; -buds of formal group 
laws and Gk is the group $fc(-B) of A; -buds of power series conjugating the 
A; -buds of formal group laws. □ 

Every A: -bud of formal group law F gives rise to a map of Gamma-rings H7L — ► 
DkB in the same fashion as genuine formal group laws give maps to DB Q3.5JI . 
The group <&k(B) of truncated invertible power series conjugates the set of 
A; -buds and the map Bud^ — ► mapg-^(HZ, D^B) is <£fc(-B)-equi variant. If 
we carry out Construction 15.11 with R = DkB and with the group <&k(B) 
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conjugating the fc-buds of formal group laws, we obtain a map of homotopy 
orbit spaces 

K k : Bud B = (Bud|) Wfc(B ) — > mapg;^(FZ c , (D k B) 3 ) hU{DkB) >: 

= Rmg(HZ, D k B) /conj. 
The constructions are natural, so we end up with a commutative diagram 

fgC tX {B) Riog(HZ,Z)B)/coDj. (6.3) 

holinifc Butft ^ ^holim fc Ring(iJZ, D fc 5)/conj. 

in which the vertical maps are weak equivalences by Lemmas 16 . 1 1 and 16 . 21 So 
Theorem 15.21 follows once we have shown 

Theorem 6.4 For all k > 1 the map 

- k 

K k '■ Bud B — ► Ring(iIZ, Z)feB)/conj. 
is a weak equivalence. 

Remark 6.5 If k is not a prime power, then the functor B®S k is a retract of a 
diagonalizable functor (Lemma ll2.5|) . and so the T-space underlying (5(8>5 fc ) ! 
is stably contractible 1)8.91 (e)). Hence the reduction map D k B — > D k -\B is 
a stable equivalence of Gamma-rings and the induced map on homotopy units 
(D k B) x — ► (D k -iB) x is a weak equivalence of simplicial monoids. Thus the 
map of homotopy orbit spaces 

Ring(flZ,D fc B)/canj. Ring(#Z, D fe _iB)/conj. 

is a weak equivalence. By Remark 17.31 below, the reduction functor Bud k B — > 
is an equivalence of categories. Hence in the inductive step nothing 
happens unless k = p h is a prime power. However it is convenient to make this 
case distinction only at the very end (see Step 1 in the proof of Theorem 112.3)1 . 

7 Some singular extensions of Gamma-rings 

In this section we start the inductive proof of Theorem 16.41 We exploit that the 
truncation maps D k B — ► D k _\B are "singular extensions" of Gamma-rings. 
This lets us reduce the problem to a comparison of the derivation space of the 



Qeometry & Topology, Volume 8 (2004) 



Formal groups and stable homotopy of commutative rings 



367 



Gamma-ring HZ with coefficients in the "kernel" (B <g) <S*) ! of the extension 
to the groupoid of symmetric 2-cocycles. 

The case k = 1 of Theorem 16,41 is straightforward. There is only one 1-bud of 
formal group law, and the only 1-bud of strict automorphism is the identity. 
On the other hand, D\B is isomorphic to the Eilenberg-MacLane Gamma-ring 
HB, so both the space Ring(.£fZ, D\B) and the unit component (D\B)* of 
the homotopy units are weakly contractible. Hence source and target of the 
map 

Kx : Bud B — ► Ring(#Z, D\B) /covi]. 
are weakly contractible and k\ is a weak equivalence. 

7.1 Symmetric 2 cocycles For the inductive step we recall how the dif- 
ference between A: -buds and (k — l)-buds of formal group laws is controlled 
by symmetric 2-cocycles. A symmetric 2-cocycle of degree k with values in B 
is a homogeneous polynomial c(x,y) G B[x,y] of degree k which satisfies the 
relations 

c(x,y) = c(y,x) and c(x,y) + c(x + y,z) = c(x,y + z) + c(y,z) . 

If F is any /c-bud of formal group law over B and c is a k -homogenous 2— 
cocycle, then the truncated power series F(x, y) + c(x, y) is another A; -bud 
of formal group law with the same (k — 1)— bud as F . Conversely, if F and 
F' are two /c-buds with the same reduction modulo the k— th powers of the 
augmentation ideal, then c = F — F' is a k -homogenous 2-cocycle. The proof 
of this is straightforward, compare |28l Sec. II] or 19, III. 1 Lemma 2]. 

We define Z(B <g> S k ), the groupoid of symmetric 2-cocycles of degree k, as 
the category whose objects are the symmetric 2-cocycles of degree k over B. 
The set of morphisms from a cocycle c to a cocycle c' consists of those b S B 
satisfying c' = c + b ■ [x k + y k — (x + y) k ] ; composition is given by addition in 
B. 



Suppose F is a /c-bud of formal group law. Then we can define a functor 

F + -: Z(B S k ) — ► Bud k B 

on ob j ects by (F -\ — )(c) = F + c and on morphisms by (F -\ — ) (b) = x + b-x k . 
The relation 

F x+bxk (y,y) = F(y,y)+b-[y k + y k -(y + y) k ] mod (y,y) k+1 

shows that if b: c — > d is a morphism of cocycles, then the power series 
x + b ■ x k is indeed an isomorphism from F + c to F + d . 
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Lemma 7.2 For every k-bud of formal group law F , the functor 

F + -: Z(B ® S k ) — ► Buo% 

induces a weak equivalence from the classifying space of the groupoid Z(B ® S k ) 
to the homotopy fibre of the truncation map Bud k B — > Budf^ 1 over the base- 
point F . 



Proof This again is an instance of a general fact about homotopy orbits of 
groups acting on sets, alias translation categories. Suppose G — > G is an 
epimorphism of groups with kernel K . Moreover, let X be a G-set, X a 
G-set and it: X — ► X a G-equivariant map. Then for every point x € X 
the kernel K acts on the preimage n (x). In this situation the sequence of 
homotopy orbit spaces 

-K~ l (x) hK — ► X hG — > X h(5 
is a homotopy fibre sequence over the point x. 

In the situation at hand the epimorphism is the truncation &h(B) — ► $>k_i(B) , 
whose kernel is isomorphic to the additive group of B via b i — > x + b ■ x k . 
The groups conjugate the A; -buds respectively (k — l)-buds of formal group 
laws. For every choice of A; -bud of formal group law F, the map F -\ — is 
an isomorphism, equivariant for B = kernel: <&k(B) — ► $k-i(B), from the 
symmetric 2-cocycles to the A: -buds which have the same {k — 1)— bud as F . 
Hence the lemma follows. □ 



Remark 7.3 The symmetric 2-cocycles have been identified by Lazard 28 , II 
Lemme 3], see also |191 III. 1 Thm. la]. There is a universal integral symmetric 
2-cocycle Ck £ Z[x,y] of degree k given by 

c k {x,y) = -r \x k + y k - {x + y) h 

and the degree k symmetric 2-cocycles over B are precisely the multiples b ■ c^ 
for b € B . Here dk is the greatest common divisor of the binomial coefficients 
( ■) for 1 < i < A; — 1 , which evaluates to 

p if k = p h for a prime p and h > 1 
1 else. 

Hence the classifying space of Z(B <g> S k ) can be identified as follows: if k is 
not a prime power, then the classifying space is weakly contractible and the 
reduction functor Bud k B — > Bud k B ~ x is an equivalence of categories. If k = p h 
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for some prime p, then the groupoid Z(B®S P ) is isomorphic to the translation 
category of the action of B on itself given by 

(6, x) i — > p ■ b + x . 

Hence the components of the classifying space are in bijective cor- 

respondence with the set B/pB and the fundamental group at each basepoint 
is isomorphic to the group of those b £ B such that pb = 0. However, in the 
rest of this paper we will not use this explicit knowledge about the symmetric 
2-cocycles. 

Now we identify the difference between the spaces of Gamma-ring maps from 
HZ to -Dfc-B and to Dk-iB , ie, we study the homotopy fibers of the reduction 
map 

Rmg(HZ,D k B)/conj. — ► Rmg(HZ, D k ^B)/ con]. 

For this purpose we consider the Gamma-ring HZ x [B (g> S k )' . We present the 
construction in a more general context, since we need it later. 

7.4 Split singular extensions Let G be a functor from the category of 
finitely generated free abelian groups to the category of all abelian groups, and 
suppose that G is reduced in the sense that G(0) = 0. We define a Gamma-ring 
HZ x G ! , the split singular extension of HZ by the bimodule G' . 

First there is an HZ -bimodule G' associated to the functor G; the notation is 
taken from |371 Ex. 2.6], where the construction first appeared. As a T-space, 
G ! is the composite 

pop — z — > ^ £ ree a k g roU p S ) — jib — 5 — y (pt. gets) 

of the reduced free functor Z , followed by G and the forgetful functor $ from 
abelian groups to pointed sets. The T-space G ! has the structure of an HZ— 
bimodule via the composite 

assembly 

HZ AG A HZ *- HZ o G- o HZ G l . 

The first map is an instance of the assembly map (j2.5|) from the smash product 
to the composition product of T-spaces; the second map is induced by eval- 
uation maps (this uses that the original functor G was defined for and takes 
values in abelian groups). 

The product HZ x G' becomes a Gamma-ring as follows. The unit map of 
HZ x G' is the composition of the unit rj : § — > HZ with the inclusion HZ — ► 
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HZ x G ! . The multiplication map is the composite 

(HZ x G-) A (HZ x G ! ) ► (HZ A HZ) x (HZ AG 1 ) x (G ! AffZ) 

(/igz ' ' +r) ! ffZ x G { 

where I and r denote the left respectively right action of HZ on G' . 

In particular we can apply Construction ITU to the functor B ®S k which takes 
a finitely generated free abelian group A to the tensor product of B with the 
Zc-th symmetric power of A. If F is any A: -bud of formal group law, then 
F* : HZ — ► D k B is a morphism of Gamma-rings. Homogenous polynomials 
of degree k naturally inject into the quotient of power series by terms of degree 
k + 1, which gives a map of T-spaces Incl: (B <8> S k )' — > D^B. Moreover, 
their pointwise sum in -Dfc-B 

F* + Incl. : HZx(B®S k ) 1 — ► D k B 

is again a map of Gamma-rings. 

Lemma 7.5 The commutative square 

HZx(B® S k ) 1 F * +IncL * D k B 

proj. 

HZ > D k ^B 

is a homotopy fibre square of Gamma-rings. 

Proof It suffices to show that the underlying square of T-spaces is homotopy 
cartesian. As a T-space DB splits ciS cl product 

D k B ^ D^B x (B®S k )- 

and under this isomorphism the map F* + Incl. becomes the map 

F* x Id : HZx (B® S k ) 1 — ► F) k -\B x (B ® , 

so the claim follows. □ 

The additive group of the ring B includes into the underlying monoid of the 
Gamma-ring HZ x (B(&S k )' via the map which sends b G B to the polynomial 
x + b ■ x k , considered as an element of (HZ X (B ® S k )-)(l + ) ^ Z[x] x B[x k ] 
(where x is an indeterminate corresponding to the non-basepoint element of 
1 + ). We can now apply Construction EOl to the Gamma-ring HZ x (B £ED S k )' 
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relative to the additive group of B . The construction produces a commutative 
diagram of Gamma-rings 

S[B] ^^^=^^^= S[B] §[U(HZ x (B ® S k ) l ) x ] 



{HZ x(B® S k ) 



k\\\f 



(HZ x (B <g> <S fc ) ! )i 



(i?Z x (5®<S fc ) ! ) 3 



in which the lower horizontal maps are stable equivalences between fibrant 
Gamma-rings. The induced map from the simplicial group U(HZ x (£> (g><S fc ) ! ) x 
to the invertible components of the underlying monoid of (HZ x (B <g> S k )')^ is 
a weak equivalence. 



We denote by 



fc\!\ 



der(HZ,B®S k ) = m&p gR (HZ c , (HZ x (B <g> 

the space of Gamma-ring maps from iifZ c to (iTZ x (i?(8>5 fc ) ! )3 and refer to this 
space as the space of derivations of HZ with coefficients in B ®S k . The group 
U(HZ x (B <8> 5 fc ) ! ) x acts by conjugation on the space of derivations and we 
denote by dei(HZ, B (g) <S fc )/conj. the homotopy orbit space of the conjugation 
action of the identity component U(HZ x (B <S> S k )')i ■ Since the square of 
monoids 

^(HZ x (B®S k ) [ )(l+) 



B 



- b-x k 



F,+Incl. 



D k B(l+) 



<S> k (B) 

commutes and the constructions of Sections Q] are functorial in Gamma-rings 
equipped with a map from a group to the underlying monoid, the map 



F t + Incl. : HZx(B®S 



D k B 



induces maps between the respective derived spaces of Gamma-ring maps from 
HZ and their homotopy orbit spaces. 



Lemma 7.6 The two maps 

der(HZ,B®S k ) 
der(HZ,B ®S k )/con}. 



F*+Incl. 



F*+Incl. 



Ring(iTZ, D k B) and 
Rmg(HZ,D k B)/conj. 
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induce weak equivalences between the derivation space, respectively its homo- 
topy orbit space, and the respective homotopy fibres of the truncation maps 

Rmg(HZ,D k B) — ► Ring(#Z, D k -\B) and 

Ring(#Z,D fc B)/conj. — ► Ring(iJZ, D fc _i-B)/conj. 

over the basepoint . 

Proof The first statement is a direct consequence of the fact that the square 
of Lemma 17.51 is homotopy cartesian. The second follows from the first since 
the sequence of simplicial groups 

U(HZx(B®S k ) l )f >U(D k B)* — > U{D k _ x B)* 

is also a homotopy fibre sequence, again because of Lemma 1731 □ 

We denote by 7> S (B ® S k ) the pullback of the diagram 

map gn (HZ c , (HZ x (B ® S fc ) ! )i) 

Z^B ® S k ) *■ map gn (HZ c , (HZ x (B ® 5 fc ) ! ) f ) 

All maps are equivariant with respect to the action of the additive group of -B , 

~2 , 

so this group acts on Z S (B <S> S ). Furthermore the weak equivalence 

map gn (HZ c , (HZ X (5 ® S fc ))i) map gn (HZ c , (HZ X (S ® 5 fc )) 3 ) 

is 5 -equivariant, and on the target the action extends to an action by the 
simplicial group U(H7j x (B (S> S k ))i . So we get an induced map on homotopy 
orbits 

K msk : Z s (B®S k ) hB — > map gn (HZ c ,(HZx (B ® «S fc ) ! )i) fcB — » 

mapc^(FZ c , (fTZ x (5 ® 5 fe ) ! ) 3 ) w(rax( ^ <sfc)!) x 
= der(irZ,E<g><S fe )/conj. 

Note that the homotopy orbit space of the action of B on the set 7i 2 s (B ® S k ) 
of symmetric 2-cocycles is isomorphic to the classifying space of the groupoid 
Z(B®S k ) hence we use the notation Z(B®S k ) for the weakly equivalent 

~2 

homotopy orbit space Z S (B <S> S k )hB- 

Now we can reduce the inductive step of Theorem 16. 41 to a statement about the 
map KB®s k ■ We assume inductively that the map 

— - fc— l 

: Bud B — ► Ring(BZ, D k _\B) /con.}. 
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is a weak equivalence. This guarantees in particular that the (k — l)-buds of 
formal group laws account for all components of the target space. Since every 
(k — l)-bud of formal group law extends to a A: -bud, the reduction map 

Rmg(HZ,D k B)/conj. — ► Ring(.ffZ, D fc _ 1 S)/conj. 

is surjective on components. If we fix a fc-bud of F of formal group law, then 
the diagram 

Z{B®S k ) — (7.7) 



dev(HZ, B <g> 5 fc )/conj. * Ring(#Z, D k B) /conj. 

is commutative. By Lemmas 17.21 and 17.61 the horizontal maps identify the 
respective homotopy fibres of the truncation maps over the basepoints F and 
F* . Since formal group laws account for all components of the target space, we 
have thus reduced the inductive step of the proof of Theorem 16.41 and hence of 
the main theorem, to showing 

Theorem 7.8 The map 

n msk : Z{B®S k ) — ► der(FZ,5<g)<S fc )/conj. 
is a weak equivalence for all commutative rings B and all k > 1 . 

The remaining sections are spent verifying that the map n B ^ S k is indeed a 
weak equivalence. If k is not a prime power, then source and target of the 
map K B ^ S k are weakly contractible, compare Remark 16. 51 However there is no 
need to make this case distinction until the very end (see Step 1 in the proof of 
Theorem MM - 



8 Symmetric 2— cocycles and derivations 

In this section we provide some general constructions which will be needed in 
the sequel. We consider functors G from finitely generated free abelian groups 
to all abelian groups which are reduced in the sense that G(0) = 0. For such 
functors we discuss symmetric 2-cocycles and show how these lead to Gamma- 
ring maps into the split extension FTZ x G l (j7.4|) . We also recall the Dold-Puppe 
stabilization G s t of the functor G (|8.9jl . The work of this section is summarized 
in a certain map (|8.1U|) 

A G : Z(G) ^m aPgn (HZ c ,HZxG l st ) hGst(z) 
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with source the groupoid 2(G) of symmetric 2-cocycles of G. In the case 
where G is the symmetric power functor B ® S k , we identify the map 
(up to weak equivalence) with the map Hs®s k °f Theorem 17.81 in Section |UJ 

8.1 Cocycles of a functor We let T denote the abelian category of reduced 
functors from finitely generated free abelian groups to all abelian groups. Sup- 
pose G £ J- is a such functor. Then a symmetric 2-cocycle with values in G is 
an element c £ G(Z © Z) which is 

(a) fixed by the involution of G(Z © Z) induced by the interchange of sum- 
mands and 

(b) in the kernel of the map 

Ki?S)- G (i??) +c (ii!)- e (Si!) : 

G(ZffiZ) — ► G(zezez) . 

We denote by Z^(G) the group of symmetric 2-cocycles in G. 
A group homomorphism 

9 : G(Z) — ► Zj(G) C G(ZffiZ) 

is defined by 

9 = G(1,0) -G(l,l) +G(0,1) . 

The cocycle 0(a) associated to a € G(Z) is sometimes referred to as the prin- 
cipal cocycle of a. We denote by 2(G) the translation category of the action 
of G(Z) on the set 7? S (G) of symmetric 2-cocycles given by (a, c) i — ► 9(a) + c. 
More precisely, 2(G) is the groupoid whose objects are the symmetric 2— 
cocycles Z^(G) and where the set of morphisms from a cocycle c to a cocycle 
c' consists of those elements a € G(Z) such that c' = 9(a) + c. Composition in 
2(G) is given by addition in the group G(Z). 

Example 8.2 If G = B ® <S fc is the symmetric power functor, then G(Z © Z) 
is the group of homogenous polynomials of degree k in two variables over the 
ring B. For c € (B <g> 5 fc )(Z © Z), the cocycle condition (a) translates into 
c(x, y) = c(y, x) and condition (b) translates into the equation 

c(x, y) + c(x + y, z) = c(x,y + z) + c(y, z) . 

Hence the symmetric 2-cocycles with values in B®S k coincide with the homoge- 
nous 2-cocycles of degree k as defined in l7.ll Moreover, the group (S®5 fc )(Z) 
is isomorphic to the additive group of B and the map 

6: B^(B®S k )(Z) — ► Z 2 s (B®S k ) 
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sends b G B to the cocycle b- [x k + y k — (x + y) k ~\ . Hence the cocycle groupoid 
for the functor B ® S k as denned in 18.11 coincides with Z(B © S k ) as defined 
inO 

8.3 The universal 2— cocycle We let / € T denote the inclusion functor 
and P E J- the functor which takes an abelian group A to the reduced free 
abelian group generated by the underlying pointed set of A. The Yoneda 
isomorphism Hom^i 3 , G) = G(Z) shows that P is a projective object of T . 
Evaluation gives a natural epimorphism 

P(A) = Z[A) — > A = 1(A) , 

ie, an epimorphism e: P — > I in the category T . We let J denote the kernel; 
the relevance for us is that J represents the symmetric 2-cocycle functor. The 
element 

c u = [1,0] - [1,1] + [0,1] € Z[Z©Z] = P(Z©Z) (8.4) 

is in the kernel of the evaluation map, so it is an element of J(Z © Z) . As 
an element of P(Z Z) , c u is the principal cocycle associated to [1] G P (Z) . 
Hence c u is a symmetric 2-cocycle of J (but it is not principal for J because 
the element [1] € -P(Z) does not belong to J(Z)). 

Lemma 8.5 The symmetric 2-cocycle c u with values in the functor J is 
universal in the sense that the map 

Rom T (J,G) — Z 2 S (G), f^f(c u ) 

is an isomorphism for all functors G E T . 

Proof Both Hom^-(J,G) and T? a (G) are additive and left exact in the functor 
G . Hence it suffices to check the claim for a set of injective cogenerators of the 
category T . If A is a finitely generated free abelian group we define a functor 
Za by the formula 

I A (M) = map,(Hom(M,A),Q/Z) . 

Here Hom(M, A) denotes the set of group homomorphisms from M to A and 
'map*' refers to the group of set-theoretic maps from Hom(M, A) to Q/Z pre- 
serving 0, with group structure by pointwise addition. The Yoneda isomorphism 

Rom^(G,2 A ) = Hom(G(A),Q/Z) 

implies that I a is injective and that the functors I a form a collection of injec- 
tive cogenerators as A varies. 
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It remains to verify that for all finitely generated free abelian groups A eval- 
uation at the cocycle c u € Z^(J) is an isomorphism from Horn^J,!^) to 
T? s {Za)- We claim that the group 7? s (Xa) can be identified with the quotient of 
the group map* (A, Q/Z) of pointed set maps from A to Q/Z by the subgroup 
Hom(A, Q/Z) of additive maps. We use the natural basis of Z © Z to identify 
Ta(Z © Z) = map i(; (Hom(Z © Z, A), Q/Z) with the group of set-theoretic maps 
g: A © A — * Q/Z satisfying g(0, 0) = 0. Under this identification the cocycle 
conditions for elements of Ta{Z © Z) translate into the conditions 

9(x,y) = g{y,x) and g{x,y) + g(x + y,z) = g(x,y + z) + g(y,z) 

for all x,y,z € ^4 on the function G map„(j4 © A, Q/Z). In other words: <? 
is a factor set of an abelian group extension of A by Q/Z. Since A is free 
abelian, every such extension splits, so g is principal, ie, there exists a function 
h: A — ► Q/Z satisfying g(x,y) = h(x) — h(x + y) + h{y) and /i(0) = 0. 
Moreover, h is uniquely determined by this up to an additive function. 

All this means that the bottom row in the commutative diagram of abelian 
groups 

Honi^I, I A ) Horn f (P,Ia) Hom^(J,Z A ) 

Hom(A, Q/Z) map* (A Q/Z) ^ Z 2 S (1 A ) 

is exact where i? is defined by i9(/i)(x,y) = h(x) — h(x + y) + h(y) . The 
upper row is exact since Ia is an injective object and J is the kernel of the 
epimorphism e: P — ► /. The left and middle vertical maps are special cases 
of the Yoneda isomorphism Hohijf(G,X4) — Hom(G(^4), Q/Z) , so the right 
vertical map is also an isomorphism and c u € Z^(J) is indeed a universal 
symmetric 2~cocycle. □ 

8.6 The universal derivation We saw in Lemma 18.51 that the functor 
J = kernel(e: P — > I) supports a universal symmetric 2-cocycle. Now we 
construct a universal derivation, ie, a certain homomorphism of Gamma-rings 

HZ — > HZx J- 

into the split extension ()7.4|) of HZ by J ! . The first component of this map 
is the identity map of HZ . To describe the second component we consider the 
map of r -spaces 

ijol - lor/: HZ — ► HZoHZ 

where r/ : S — > HZ is the unit map of HZ given by inclusion of generators into 
the free abelian groups, and where we use the identifications S o HZ = HZ = 
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HZ o § . We note that HZ o HZ = P ! and that the composite of r/ol-loij 
with the evaluation map e : HZoHZ = P- — ► I- = HZ is trivial, bo we can 
define d u : HZ — > J ! as the unique morphism of T-spaces whose composite 
with the inclusion J ! C P- is the difference rj o 1 — 1 o rj. We refer to d u as the 
universal derivation. Now we claim that the map 



(l,d u ) : HZ 



HZ x J- 



is a homomorphism of Gamma-rings. The only thing to verify is the multiplica- 
tivity, and it suffices to do this after composition with the injective Gamma-ring 
map H7h x j' — > HZ x P- induced by the inclusion J — > P. By the definition 
of the product of HZ x P' = HZ x (HZoHZ) in l7.4l this boils down to verifying 
the commutativity of the diagram 



HZoHa 
HZ 



(lo(»;ol — lor;) , (r?ol — lo»7)ol) 



HZ° 3 x HZ 



o3 



(//ol)x(lo/i) 

(HZ o HZ) x (HZ o HI 



HZoHZ 



where /i : HZ o HZ — > HZ is the "multiplication" induced by the evaluation 
map P — ► /. The commutativity of the diagram in turn follows from the 
identities 



(/j,o 1)(1 or/o 1) = IhzoHZ and (// o 1)(1 o 1 o 77) = (1 o r/)/j 

(here juxtaposition means composition of T-space maps) and their analogues 
for replaced by 1 o fj, . 

Hence for a functor G € J- we can define a map 

Z 2 S (G) ^ Hom^(J,G) — > map gn (HZ, HZ x G l ) (8.7) 
by sending a morphism / : J — ► G to the composite Gamma-ring map 

d u TTr77 T ! lx/ ! 



HZ 



HZ x J 



iTZ x G - 



If c € Zg(G) is a cocycle represented by / c : J — ► G, then we refer to the 
above Gamma-ring map as the derivation associated to the 2-cocycle c. 

The group G(1) maps to the underlying monoid (HZ xG ! )(l+)^Zx G(Z) of 
the split extension via a 1 — > hence it acts on the Gamma-ring HZ x G ! 

by conjugation ()4.1|) . The group G(Z) also acts on the symmetric 2-cocycles 
via the homomorphism 9: G(Z) — > Z^(G) (|<S.1|) . 
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Lemma 8.8 The map 

Z 2 S (G) ^ Hom^(J,G) — ► map gn (HZ,HZxG l ) 

which sends a morphism f : J — ► G to the Gamma-ring map (1, /' o d u ) : 
HZ — > HZ x G ! is equivariant for the action of G(Z) . 

Proof Let a G G(Z) be an element and / : J — > G a morphism of functors. 
Under the Yoneda isomorphism G(Z) = Homjp(P, G) and the isomorphism 
Z 2 S (G) Hom^(J,G) of Lemma El the map 9: G(Z) — ► 7? S {G) corresponds 
to the map Hom^-(P, G) — ► Hom^(J, G) induced by the inclusion i : J — > P. 

So we have to verify the equality 

(1, df +aot ) = (1, a) • (1, d f ) ■ (1, a)' 1 

as maps HZ — > PZ x G ! . Only the second component matters. If we substitute 
definitions 14 . 1 1 of the conjugation action and !7.4l of the multiplication in HZ* x G ! 
we see that the second component of right hand side is a sum 

P ro JG ! [(ha) ■ (M/) ■ (M)" 1 ] = r- + d f + l a . 

Here / a : iJZ — > G ! is left multiplication with a G G ! (l + ) = G(Z), ie, the 
composition 

ffZ = S A HZ G ! A HZ action > G ! , 

and r- a is right multiplication with —a G G ! (l + ). 
Since df +a0L = df + d aot it suffices to show that 

daoi. — f-a la 

as maps HZ — > G ! . By naturality it is enough to check the universal example, 
ie, to take G = P and a = [1] G Z[Z] = P(Z) , which corresponds to the identity 
of P under the Yoneda isomorphism. By definition 

d L = rjol-lon: HZ — ► P ! = HZ o HZ . 

So the claim follows since Im = rj o 1 and r_m = — 1 o n. □ 

8.9 Dold Puppe stabilization and MacLane's Q— construction We re- 
call the Dold-Puppe stabilization of a functor G G T (compare jl II 8.3]). 
We work with a specific model for the Dold-Puppe stabilization which uses 
MacLane's cubical construction j!41 Sec. 12]. In the original paper of Eilenberg 
and MacLane the cubical construction was defined for the free functor P = Z, 
but the definition extends to arbitrary reduced functors in see |35| Sec. 
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4] or [271 6.2] for the definition. A convenient reference for the relationship 
between Dold-Puppe stabilization and MacLane's cubical construction is |27| . 
The cubical construction QG of a functor G £ T is a chain complex of functors, 
concentrated in non-negative dimensions, with the following properties: 

(a) QG is homotopy- additive in the sense that for every pair of finitely gen- 
erated free abelian groups A and A' the canonical map 

QG{A) QG(A') — ► QG(A A') 

is a quasi-isomorphism. 

(b) there is a natural isomorphism 

H* QG(Z) = LfG = 7T* G ! , 

ie, the homology groups of the complex QG(Z) are isomorphic to the 
Dold-Puppe stable derived functors of G and to the stable homotopy 
groups of the T -space G ! . 

(c) In dimension zero, (QG)q = G and in positive dimensions QG is a finite 
sum of higher order cross-effects (see ^Sl Sec. 9] or (23 Sec. 7]) of G. 

(d) As a functor of G, the assignment G i — > QG is additive, exact, and 
commutes with limits and colimits. 

(e) Suppose the functor G is diagonalizable, ie, there exists a functor 

G : (f.g. free ab. groups) x (f.g. free ab. groups) — ► Ab 

of two variables satisfying G(A, 0) = = G(0, A) and a natural isomor- 
phism G(A) = G(A, A) . Then the complex QG is acyclic. 

Property (a) is proved in |35| 4.2] and [271 6.3]. The first isomorphism of part (b) 
follows from [351 4.1] or [271 7.5]; essentially by definition the stable homotopy 
groups of the T-space G ! are the Dold-Puppe stable derived functors of G. 
Part (c) is proved in 27, 6.3]. Property (d) follows from (c) since taking cross- 
effects is exact and commutes with limits and colimits. If G is diagonalizable, 
then [1H 5.20] shows that the stable derived functors of G are trivial. So by 
part (b) the complex QG(Z) is acyclic and by part (a) QG is acyclic as a 
complex of functors. 

Properties (a) and (b) already characterize QG up to a chain of natural quasi- 
isomorphisms; this is because on the level of homotopy categories, G i — > QG is 
left adjoint to the inclusion of the subcategory of homotopy additive complexes 
of functors. 
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We denote by G s t the simplicial functor which corresponds to QG under the 
Dold-Kan equivalence between simplicial objects and non-negative chain com- 
plexes in the abelian category T . So G s t is defined by the property that its 
normalized chain complex is isomorphic to QG. By property (c), the functor 
of zero-simplices of G s t is G, which gives a map G — > G s t which induces 
isomorphism of stable homotopy groups upon passage to associated T-spaces 
G' — ► G st . 

Construction ^. 41 which associates the Gamma-ring HZ x G [ to a functor GGf 
makes perfect sense for simplicial functors, ie, simplicial objects in the abelian 
category T . Moreover, the stabilization map G — * G s t induces a stable equiv- 
alence of Gamma-rings HZxG- — > HZ x G st . Combining the map (|8.7|) with 
this Gamma-ring homomorphism and the approximation map HZ C — > HZ 
gives a map 

7? S [G) Hom^(J,G) f - (1 ' f '° du) > ma-p gn (HZ,HZxG ] ) 

► mapgniHZ^HZxG^) . 

By Lemma 18.81 this map is equivariant for the action of GiZ) by translation 
and conjugation respectively. Hence passing to homotopy orbits yields a map 

A G : Z(G) Z 2 s (G) hG(z) — m & p gn (HZ c ,HZxG[ t ) hGat{z) . (8.10) 

Here we identified the classifying space of the groupoid Z(G) of symmetric 2- 
cocycles (|8.1|) with the homotopy orbit space of the action of G(Z) on the set 

22(G)- 



9 A change of models 

So far we have reduced the proof of our main theorem, Theorem 15.21 to the 
verification that the map 

n msk : Z{B®S k ) — ► der(FZ,5<g)S fc )/conj. 

constructed in Section is a weak equivalence for all k > 1 . In this section we 
bring the map KB®S k a m ore manageable form by constructing a commu- 
tative square 

Z{B®S k ) ^der( J ffZ,S®«S fe )/conj. (9.1) 

Z(B S k ) mnp gn (HZ c , HZ x(B® S k y st ) h(msk)at{Z) 

B0S k 
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in which the vertical maps are weak equivalences. The lower horizontal map 
^B®s k i s an instance of (jS.lOj) . This then leaves us with the task to verify that 
A B®s k i s a weak equivalence for all k > 1 . 

The construction of the square (|9.1j) is technical. The idea is that by properties 
18.91 (&) and (b) of the cubical construction, (B®S k )' st is a stably fibrant model 
of the T-space (B®S k ) 1 . Hence the map HZx(B®S k ) ] — > HZ x (B®S k )[ t 
is a stable equivalence of Gamma-rings with fibrant target. In particular, the 
space of Gamma-ring maps ma,pg R (HZ c , HZ x (B ® S k )' st ) is a model for the 
homotopy invariant morphism space, ie, it is weakly equivalent to the derivation 
space der(HZ, B®S k ) . In order to identify these two derivation spaces we have 
to take a little more care because we need to work relative to the classifying 
space of symmetric 2-cocycles. 

We reexamine Construction EOl applied to the Gamma-ring HZ x (B (g) S k )' . 
This construction yields a commutative diagram of Gamma-rings 

S[B] S[B] *S[U(HZ x (B®S k ) l ) x ] 

(HZ x (B ® S k ) l Y ~^~^z — (HZ x (B <g> z — *- (HZ x (B ® 5 fc ) ! ) 3 

in which the lower horizontal maps are stable equivalences between stably fi- 
brant Gamma-rings. Here we work relative to the homomorphism 

B — ► HZx(B®S k ) l (l + )=Z[x}xB{x k ] 

which sends b G B to x + b-x k . Furthermore, the induced map from the simpli- 
cial group U(HZ x (B <S> S k )') x to the invertible components of the underlying 
monoid of (HZ x (B <g> «S fc ) ! ) 3 is a weak equivalence. 

Since the Gamma-ring HZ x (B S k )' st is stably fibrant and the map 

HZx(B®S k )- — ► (HZ x (B ® S k )-) 1 

in the functorial fibrant replacement is an acyclic cofibration, we can choose a 
Gamma-ring map from (HZ x (B <g> 5 fc ) ! ) f to HZ x (B (g> S k )\ t under HZ x 
(B®S k )-. This map will automatically be a stable equivalence. We can perform 
constructions POl and IS"T1 starting from either of these two fibrant replacements. 
The stable equivalence between them induces a weak equivalence between the 
two homotopy orbit spaces of the conjugation action. In other words, we can 
assume that the stably fibrant replacement of the split extension HZ x (B®S k )' 
which was chosen in the beginning is equal to HZ x (B <g> S k )' st . 

Geometry & Topology, Volume 8 (2004) 



382 



Stefan Schwede 



The simplicial group U(HZ x (B ® S k )') x is defined according to the recipe 
(|4.2[) by a factorization in the model category of simplicial monoids 

B — ► c(flZx(fl85')') x ^ (HZ x (B ® S k )-) x 

and then forming the algebraic group completion of c(FZ x (B <g> S k ) l ) x . The 
simplicial monoid (HZx (B(g>S k )') x is, by definition, the union of the invertible 
components in (BZ x (B ® S k )' st )(l + ) = Zx (B ® S k ) st (Z). So the simplicial 
monoid 

(HZ x (B ® S k )\ t ) x * {±1} X (B ® S k ) st (Z) 

is already a simplicial group, hence there exists a unique extension to a homo- 
morphism of simplicial groups U(HZ x (B ® 5 fc ) ! ) x — ► {±1} x (B ® S k ) st (Z) 
which is necessarily a weak equivalence by Lemma 14.31 

Since k > 2, the stable derived functors of B ® 5 fc vanish in dimension and 
1 jl H 12.3], so the simplicial abelian group (B ®S k ) s t(Z) is simply connected, 
and the unit component of the monoid (HZ x (B ® S k )\ t )(\ + ) is equal to 
(B(&S k ) s t(Z) . Restriction to the unit components thus gives a weak equivalence 
of connected simplicial groups U(HZ x (B ® «S fc ) ! )* — ► (B (g> S k ) st (Z) . 

The next step in the construction of the conjugation action (|4.2|) was the for- 
mation of the pushout (HZ x (B (g> S k )')2 of Gamma-rings: 

§[c(BZ x (B®S k ) l ) x ] 
§[U(HZ x (B®S k ) l ) x \ 



The simplicial group map U(HZ x (B ® <S fc ) ! ) x — ► {±1} x (B ® S fc ) sf (Z) 
adjoins to a homomorphism of Gamma-rings from the spherical group ring 
S[B(BZ X (B ® S fc ) ! ) x ] to HZx (B ® S k )\ t . This in turn induces a map 
from the pushout (HZ x (B ® 5 fc ) ! ) 2 to BZ x (B ® 5 fc )^, represented as 
the upper dotted arrow in the previous diagram. Since the approximation 
map (HZ x (B <g> 5 fe ) ! ) 2 — ► (BZ x (B ® 5 fc ) ! ) 3 is an acyclic cofibration of 
Gamma-rings, we can finally choose an extension to a stable equivalence from 
(HZ x (B <g> S k )-) 3 to HZ x (B ® S k ) st . Since this map was constructed 
relative to the group ring of the simplicial group U(HZ x (B ® S k )') x , it is 
equivariant with respect to the conjugation action of U(HZ x (B ® S k )') x on 
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(HZx(B®S k )% and (through the map U(HZx(B®S k ) 1 )* — ► (B®S k ) 8t (Z)) 
on HZx(B®S k )\ t . By passage to homotopy orbits we get a weak equivalence 

der(HZ,B®S k )/conj. = m a p gn (HZ c , (HZ x (B ® S k )%) hU(HZximsk y y , 

> m aPgn (HZ c ,HZ x (B ® S k )[ t ) h{msk)st(z) 

Moreover, the square 1(9.1(1 commutes. 

10 A useful adjunction 

By the results of the previous two sections, the proof of the main theorem is 
reduced to an identification of the space of Gamma-ring maps 

map gn (HZ c ,HZx (B ® S k ) l st ) 

(or more precisely a certain homotopy orbit space thereof) with the classifying 
space of symmetric 2-cocycles. In this section we use an adjunction to reinter- 
pret the above mapping space in terms of the category sJ- of simplicial functors 
from the category of finitely generated free abelian groups to the category of 
abelian groups. 

We note in Lemma fl().4l that the construction 1)7.4(1 of the split singular extension 
has a left adjoint 

C: GR/HZ — * sF 

from the category of Gamma-rings over HZ to the category of simplicial func- 
tors. Moreover, the two functors form a simplicial Quillen adjoint pair of model 
categories. So the mapping space we are interested in is isomorphic to the 
mapping space 

map^(£(flZ c ),(B®5*) rt ) 

in the category of simplicial functors. To identify the mapping space in this 
adjoint form, we evaluate the left adjoint C on the cofibrant replacement of the 
Eilenberg-MacLane Gamma-ring HZ. 

As in 1)8.3(1 . J G T denotes the kernel of the evaluation map e: P — > /. By 
Lemma 18.51 the functor J supports the universal symmetric 2-cocycle. The 
Gamma-ring map 

HZ C — > HZx J 1 

which is the composite of the approximation map HZ C — > HZ and the uni- 
versal derivation 1)8.6(1 is adjoint to a map of simplicial functors 

5 : C(HZ C ) — ► J . (10.1) 

The main result of this section is 
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Theorem 10.2 The map 5 : C(HZ C ) — > J which is adjoint to the universal 
derivation is a stable equivalence of simplicial functors. 



Remark 10.3 For any functor G £ J- the Dold-Puppe stabilization G s t was 
defined so that its normalized chain complex is the cubical construction QG 
(|8.9|) . So Theorem I1U.2I and the Dold-Kan correspondence between simplicial 
objects and chain complexes in the abelian category T imply that the homotopy 
groups of the space 

map gn (HZ c ,HZxG l st ) * ma Vsr {C(HZ c ),G st ) 

are isomorphic to the hyper-cohomology groups Ext^r( J, QG) , for * < 0. 

The category sJ- of simplicial functors admits a stable model structure, see [461 
6.13]. In this model structure, a map G — * G is a weak equivalence or fibration 
if and only if the associated map of T-spaces G ! — ► G' is a stable equivalence 
or stable fibration respectively. The stably fibrant objects are precisely the 
homotopy additive simplicial functors. 

The split extension functor (|7.4j) which sends G £ sJ- to HZ x G ! , considered 
as a Gamma-ring over HZ, commutes with limits. Moreover, the category sT 
of simplicial functors is complete, well-powered and has a set of cogenerators. 
So by Freyd's Adjoint Functor Theorem |31| V.8 Cor.] there is a left adjoint 
C: QR/HZ — ► sT. The right adjoint HZ x (— ) ! preserves stable equivalences 
and stable fibrations since in both categories these are defined on "underlying" 
T-spaces. Hence we obtain 



Lemma 10.4 The functor which sends a simplicial functor G € sJ- to HZ x 
G' , viewed as a Gamma-ring over HZ, is the right adjoint of a Quillen adjoint 
pair between the category sT of simplicial functors, endowed with the stable 
model structure, and the stable model category of Gamma-rings over HZ . 



We prove Theorem 110.21 by constructing a commutative square of H7L c -h\- 
modules 

(10.5) 



B(HZ C ) — * (B£(HZ C ))- 



(Bsy 



(SJ) 1 



For a simplicial functor G € sJ 7 we denote by BG = ZlS 1 ] <g> G the (additive) 
bar construction, another simplicial functor. The bimodules B(HZ C ) and B(P)' 
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are "multiplicative" bar constructions defined below. Three of the four objects 
are actually .ffZ-bimodules, which we view as ffZ c -bimodules via restriction 
of scalars. In the square the left vertical and the two horizontal maps are stable 
equivalences by Theorems 110.71 I1U.9I and I1U.1UI respectively. Hence the map 
(B5) 1 : (B£(HZ C )) 1 — > (Bjy is a stable equivalence. Since the assignment 
G i — ► (BG) 1 detects stable equivalences, the map 5: C(HZ C ) — ► J is indeed 
a stable equivalence of simplicial functors. 



10.6 A bar construction The reduced bar construction is a functor 
B : gK/HZ c — ► HZ c -mod-HZ c 



from the category of Gamma-rings over HZ C to the category of ifZ c -bimodules. 
In this construction it is important that we start with Gamma-rings over the 
cofibrant approximation HZ C , not just over HZ. If we worked over HZ, the 
bar construction would have the wrong homotopy type since the point set level 
smash product of HZ with itself is not stably equivalent to HZ C A HZ C 

If Q is a Gamma-ring over HZ C , then the (unreduced) bar construction B(Q) 
is defined as the realization of a simplicial i?Z c -bimodule which in simplicial 
dimension n has the form 

HZ C A OA. . . AO A HZ C . 

n 

The simplicial structure maps are induced by the multiplication and unit map 
of Q and the structure map Q — * HZ C . The inclusion of the O-simplices 
induces a map 

HZ C A HZ C — ► B(Q) 

of ffZ c -bimodules, and the reduced bar construction B(Q) is the quotient of 
B{Q) by HZ C A HZ C . 

For every simplicial functor G there is a map 

t q : B(HZ C xG ! ) — ► {BG)- 
defined as the geometric realization of a map of simplicial #Z c -bimodules 



n 



HZ C A (HZ C x G ! ) A ... A (HZ C x G ! ) A HZ C — ► G l x • • • x G l 



whose i-th projection, for 1 < i < n, is given symbolically by 

xq A (xi,gi) A . . . A (x n ,g n ) A x n+l ^ x -x x ■ ■ ■ Xi-i -gi -x i+ i ■ ■ ■ x n -x n+ i 
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We define a map t]q : B(Q) — > (BCQ)' as the composite 

B(Q) — ► B(HZ C x (CQ) ] ) TCQ > (BCQ) 1 ; 

the first map is induced by the Gamma-ring map Q — ► HZ C x (CQ)', which 
in turn comes from the structure map Q — ► HZ C and the adjunction unit 
Q — > HZx (CQ) 1 . For the proof of Theorem ITTHl we are only interested in 
the special case Q = HZ C , but to establish that ijhz c is a weak equivalence we 
will use a resolution argument which requires the general case of an arbitrary 
Gamma-ring over HZ C . 

Theorem 10.7 The map of HZ C -bimodules 

rj Q : B(Q) — (BC(Q)) 1 
is a stable equivalence for every coBbrant Gamma-ring Q over HZ C . 

Proof We first assume that Q is free, ie, that 

Q = TX = \J X An 

n>0 

is the tensor algebra generated by a cofibrant T -space X over HZ C . Then the 
^TZ c -bimodule B(TX) can be analyzed through a combinatorial filtration as 
follows. For p > we define F P B as the realization of a simplicial sub-HZ c - 
bimodule of the bar construction B(TX) . In simplicial degree n we set 

(F p B) n = HZ C A ( \f X Ail A ... A X M ") A HZ C 
iiH H n <p 

C HZ C A (TX) A n A HZ C = B(TX) n . 

The 0-th filtration is HZ C A HZ C and the subquotient FiB/FqB is isomorphic 
to the suspension of HZ C A X A B7L C . To identify the subquotients of the 
filtration we use certain simplicial sets D p . We define D p as the quotient of 
the standard simplicial p-simplex with the union of the first and last (p — 1)- 
face collapsed to a basepoint. Then D\ = S 1 is the simplicial circle and D p is 
weakly contractible for p > 2. 

We note that the p-th subquotient is the realization of a simplicial object which 
in dimension n is of the form 

(F p B / F p _iB) n = HZ C A ( \f X Ml A ... A X Mn ) A HZ C . 

11 H Mn=P 

The map 

HZ C A X Ap A HZ C — > (F p B/F p -iB) p 
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indexed by the p-tuple (1, 1, . . . , 1) yields a map 

HZ C A X Ap A HZ C A A p — ► F p B/F p ^B 

which factors over an isomorphism between HZ C A X Ap A HZ C A D p and 
FpB/Fp-iB. Since D p is weakly contractible for p > 2, all the filtration sub- 
quotients F p B I Fp—\B are stably contractible for p > 2. So the inclusion 

HZ C ASIA HZ C ^ F x BjF^B B(TX)/F B = B(TX) 

is a stable equivalence of ifZ c -bimodules. To complete the verification that 
t]tx is a stable equivalence it remains to show that the composite 

r] TX oi: HZ C ASIA HZ C — ► (BC(TX)) [ 

is a stable equivalence. 

We can rewrite the target (BC(TX))' in a more familiar form. Let denote 
the forgetful functor from the category of finitely generated free abelian groups 
to the category of pointed sets, and let Z denote the reduced free functor from 
the category of pointed sets to the category of all abelian groups. By composing 
the r -space X with these two functor we obtain an object Z o X o of the 
category sJ- . The various adjunctions show that ZoXo$ and C{TX) represent 
the same functor, namely the one which sends an object G £ sJ- to the set of 
r -space from X to the underlying T -space of G' . Hence C{TX) is isomorphic 
to Z o X o $ in the category sJ-. Since the free functor Z takes suspension 
of simplicial sets to bar construction of simplicial abelian groups, BC{TX) is 
then isomorphic to Z o T,X o $ in the category sJ- . 

Under the isomorphism BC{TX) = Z o T,X o $ the map t]tx i corresponds 
to the composite 

HZ C A T,X A HZ C — ► HZ c oT,XoHZ c — ► HZoZXoHZ 

= (ZoSIo$) ! ^ (BC(TX)y . 

The left map is the assembly map 1)2. 5jl . which is a stable equivalence by |29) 
5.23] since HZ C and T,X are cofibrant as T -spaces. The second map is a 
weak equivalence since the composition product of T-spaces preserves stable 
equivalences (Theorem 12.61 (a) ) . 

The general case is proved by resolving an arbitrary cofibrant Gamma-ring by 
free Gamma-rings as follows. If R is a simplicial object in the category of 
Gamma-rings, we denote by its geometric realization |221 VII 3.1] in the 

category of Gamma-rings, ie, the coend )31) IX. 6] 

\R\g R = [ Rn xgfi A n ; 

JneA 
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here (— ) xgR A n refers to the enrichment of the category of Gamma-rings over 
simplicial sets, which has to be distinguished from the objectwise smash product 
of the underlying r -space with A" . 

Claim Let R be a simplicial object in the category of Gamma-rings over 
H7j c such that for all n > the map r]R n : B(R n ) — > (BC(R n ))' is a stable 
equivalence. Then the map Tj\R\ gR ■ B(\R\gR) — ► (BC(\R\gR))' is also a stable 
equivalence. 

To prove the claim it suffices to show that the map is a stable equivalence of 
underlying T-spaces. We consider the commutative square 

\B(R)\ >B(\R\g R ) 

\vr\ VWgR 
\(BCR) l \ (B£\R\ gR ) 1 

On the left the functors B and (B£—)' are applied dimensionwise to the sim- 
plicial Gamma-ring R, and then we form the realization of the underlying sim- 
plicial T-space. The two horizontal maps are isomorphisms, so we may show 
that the left vertical map is a stable equivalence. A map of simplicial T -spaces 
which is dimensionwise a stable equivalence becomes a stable equivalence after 
realization. So the left vertical map in the above square is a stable equivalence 
of underlying T-spaces, which proves the claim. 

We apply the claim to the cotriple resolution |31l VII. 6] of a given cofibrant 
Gamma-ring Q over HZ C . The tensor algebra functor T from the category of 
T-spaces to the category of Gamma-rings is left adjoint to the forgetful functor. 
The adjunction gives rise to a cotriple, hence to a simplicial Gamma-ring R 
which in simplicial dimension n consists of the Gamma-ring R n = T n+1 Q. 
We claim that this simplicial Gamma-ring R is cofibrant in the Reedy model 
structure ([13 Thm. A], [231 5.2.5], [22l VII 2.1]). Indeed, the maps from 
the latching objects to the levels of the simplicial Gamma-ring R are freely 
generated by a wedge summand inclusion of T -spaces whose cokernel is a wedge 
of smash powers of Q . Since Q is cofibrant as a Gamma-ring, it is cofibrant as 
a T-space |47| 4,1 (3)], hence so are its smash powers. So the maps from the 
latching objects to the levels of the R are cofibrations of Gamma-rings, ie, R 
is Reedy cofibrant. In particular, for all n > the underlying T-space of T n Q 
is cofibrant, and hence for i? n = T(T n Q) the map r]R n : B(R n ) — ► (BC(R n ))' 
is a stable equivalence by the first part of this proof. By the claim, the map 
Tj\R\ gR - B{\R\qr) — ► (B£(\R\gR))' is also a stable equivalence. 
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The cotriple resolution comes with an augmentation |-R|g_R — ► Q- After for- 
getting the multiplication, the augmented simplicial T-space \R\qr — > Q has 
an extra degeneracy, so the augmentation map |i?|g_R — ► Q is an objectwise 
equivalence of Gamma-rings |22| III 5.1]. Since R is Reedy cofibrant, the real- 
ization |-R|g_R is cofibrant |221 VII 3.6]. Since the functors B and (BC— ) ! both 
preserve stable equivalences between cofibrant Gamma-rings, r/q is a stable 
equivalence as claimed. □ 



10.8 Another bar construction The lower left hand corner of the square 
(|1U.5|) arises from a simplicial functor B(P) £ sJ- which is another reduced bar 
construction. We note that the category T of reduced functors from finitely 
generated free abelian groups to abelian abelian groups has a monoidal com- 
position product o with unit the inclusion functor /; before composing two 
functors, one of them has to be left Kan extended [311 X.3] from finitely gener- 
ated free to all abelian groups. 

The functor P € T is the composite of the forgetful functor from abelian groups 
to pointed sets with its adjoint free functor. Hence P has the structure of a 
cotriple on the category of abelian groups. This cotriple gives rise to a simplicial 
object B(P), augmented over the functor /, which in simplicial dimension n is 
given by 

B(P) n = Po-yoP , 
n+1 

compare VII. 6]. The augmentation B(P)q = P — > I is given by the 
evaluation map e. 

The i/Z-bimodule B(P)' n = (P°( n+1 )) ! is equal to the (n-(-2)-fold composition 
product of the Eilenberg-MacLane T-space HZ. So the assembly map (|2.5|) 
induces a map of simplicial .£fZ c -bimodules 

B{HZ c ) n = {HZ c ) h{ - n+ V assembly : HZ o( - n+ ^ = B(P) l n . 

We denote by B{P) the simplicial functor obtained from B(P) by collapsing the 
simplicial 0-skeleton. The assembly map passes to a map B(HZ C ) — ► B(P)' 
on quotients by the respective simplicial 0-skeleta. 

Theorem 10.9 The assembly map 

B(HZ C ) ► B(P) 1 

is a stable equivalence of HZ C -bimodules. 
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Proof Since HZ C is cofibrant as a T-space, the assembly map from a smash 
power of a certain number of copies of HZ C to the composition power of the 
same number of copies of iTZ is a stable equivalence by |29l 5.23] and The- 
orem EHl ( a )- A map of simplicial T -spaces which is dimensionwise a stable 
equivalence induces a stable equivalence on realizations. So the assembly maps 

B(HZ C ) — ► B(P) ] and B(HZ C ) — ► B(P) 1 

on realizations are stable equivalences of ffZ c -bimodules. □ 

The lower horizontal map in the square (|1U.5|) arises from an objectwise equiv- 
alence 

u: B(P) — ► P®jEJ 

of simplicial functors by passage to quotient and application of the (— ) ! -con- 
struction. The target P © j EJ is the simplicial functor defined as the pushout 
of the diagram 

P ^— J — ► ^[A 1 ] ® J . 

The map l: J — > P is the inclusion and J — > ZfA 1 ] <g> J is induced by the 
inclusion of the non-basepoint vertex of A 1 . 

We describe the map 

u n : B(P) n = P< n +V — » {P®jEJ) n = PxJ n 

in simplicial dimension n by giving the components of the various factors of 
the target. The projection of u n to the first factor is the map 

e on o 1 : p ^ 1 ) > p . 

The projection of u n to the i-th factor of J, for 1 < i < n is the map 

e o(n-i) i e oi _ e o(n-i+l) Q j Q e °(i-l) . po(n+l) > j . 

the target of each of the two summands is really the functor P , but the difference 
is annihilated by e: P — ► /, so it lands in J = kernel(e). Note that P is the 
functor of O-simplices in P ©j EJ, and the quotient of P ©j EJ by P is 
isomorphic to the simplicial functor BJ. So the map u passes to quotients and 
yields a map of simplicial functors u: B(P) — ► BJ . 

Theorem 10.10 The map 

u: B(P) — ► BJ 
is an objectwise weak equivalence of simplicial functors. 
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Proof The simplicial subfunctor ZfA 1 ] © J of P ffij EJ is objectwise weakly 
contractible. So the quotient map 

q: P®jEJ — ► (P ©j EJ) / (^[A 1 ] ® J) ^ / 

is an objectwise weak equivalence of simplicial functors. 

The composite map q o u: B(P) — ► / is the augmentation of the cotriple 
resolution. Whether or not it is an objectwise weak equivalence can be checked 
by looking at the augmented simplicial T-space B(P)' — ► P. However this 
augmented simplicial T -space has an extra degeneracy, so the augmentation 
B(P)' — > I', and hence the map u, is an objectwise weak equivalence [221 III 
5.1]. 

The simplicial 0-skeleta of B(P) and Pffij EJ are both equal to the functor P. 
So if we collapse the 0-skeleta, then the induced map of quotients u: B(P) — > 
BJ is also an objectwise weak equivalence. □ 



11 A homological criterion 

In this section we give a homological condition, Theorem 1 1 1 . 1 1 b elow . for when 
the map 

A G : Z(G) — map gn (HZ c ,HZxG[ t ) hGst{z) 

defined in Q8.1UJI is a weak equivalence. Here 2(G) denotes the groupoid of sym- 
metric 2-cocycles of the functor G G s t is the Dold-Puppe stabilization 
of G, a simplicial functor which corresponds to the cubical construction QG 
under the Dold-Kan equivalence between simplicial objects and non-negative 
complexes in the category J 7 , compare (|8.9|) . In the next section we verify the 
criterion of Theorem 

□m in the 

case of the symmetric power functors B ®S . 

As before, T denotes the abelian category of reduced functors from finitely 
generated free abelian groups to all abelian groups and 1 G J- is the inclusion 
functor. The functor category T is abelian and exactness can be checked ob- 
jectwise; T has enough projectives and injectives. The map G — * QG is the 
inclusion as the object in dimension zero. Also, Ext^-(J, — ) denotes hyper-Ext 
groups of the inclusion functor / with coefficients in a chain complex of functors, 
ie, the graded abelian group of maps out of I in the derived category T> + (J-) 
of bounded below complexes of functors. A priori, these hyper-Ext groups can 
be non-trivial in negative dimensions. 
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Theorem 11.1 Let G € J- he a functor such that for all integers m < 2 the 
map 

Ext^(/,G) — ► Ext^(/,QG) 
is an isomorphism. Then the map 

X G : Z(G) — > m a p gn (HZ c ,HZxG[ t ) hGst(z) 
is a weak equivalence of simplicial sets. 

Remark 11.2 By |46[ 6.1], the hyper-cohomology groups Ext™(J, QG) are 
isomorphic to the topological Hochschild cohomology groups of HZ with coef- 
ficients in the bimodule G' . 

On the other hand, if A is an abelian group, then a theorem of Jibladze and 
Pirashvili |26[ Thm. A] identifies the cohomology groups Ext^/, A ® — ) with 
the MacLane cohomology groups of A |3U| . Because of this, for an arbitrary 
functor G £ J- the groups Ext^-(/, G) are sometimes referred to as the MacLane 
cohomology groups of Z with coefficients in the functor G. So the criterion of 
Theorem 1 1 1 . 1 1 ask whether the natural map from the MacLane cohomology to 
the topological Hochschild cohomology of the functor G is an isomorphism. 

A theorem of Pirashvili and Waldhausen |37l 3.2] says that if cohomology is 
replaced by homology, then the MacLane theory coincides with the topological 
Hochschild theory for arbitrary coefficient functors. By |461 6.7], the cohomo- 
logical theories also agree if the coefficient functor is additive. 

However, as the following example shows, the hypothesis of Theorem 1 11. II is not 
satisfied for an arbitrary functor G E T . So for general coefficients, MacLane 
cohomology and topological Hochschild cohomology do not coincide. 

Example 11.3 We give an example of a functor for which the hypothesis of 
Theorem 111.11 fails . For a fixed prime p the Frobenius maps 

Z/p^S 1 ^ 1 — ► Z/p®S ph , a<S>x i — > a(g>x p 

define a morphism in the category J- . We consider the functor 

G = colim ft Z/p®S ph 

defined as the colimit of the sequence of Frobenius maps. Since the Frobenius 
transformations are injective, the natural map 

I projccti ° n ) Z/p®I = Z/p®SV° inclusion > G 

is a non-trivial element of rlomjr(I , G) . On the other hand, the stable derived 
functors of the symmetric power functor A®S k are trivial up to dimension 2k— 3 
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[111 12.3], so Q(7i/p <S> S p ) has trivial homology up to dimension (2p h — 3). 
Since the Q -construction and homology commute with filtered colimits, the 
complex QG is acyclic, so the hyper-cohomology groups Ext^-(/, QG) are triv- 
ial. In particular the map 

Ext§r(J,G) — ► Ext§r(J,QG) 

is not injective. 



Proof of Theorem 111.11 The map Ac Q8.1UJI is obtained from the commuta- 
tive square of simplicial abelian groups 



G(Z) 



e 



e 



Z*(G. 



st) 



Z 2 S (G) m aPgR (HZ c , HZ x G[ t ) 

by passage to vertical homotopy cofibres in the category of simplicial abelian 
groups. So it suffices to show that the square is homotopy cocartesian (in the 
category of simplicial abelian groups). Evaluation at Z is represented by the 
projective functor P, symmetric 2-cocycles are represented by the functor J 
(Lemma 18.5(1 . and the split extension construction ((7.4(1 has a left adjoint C 
(Lemma 111). 4(1 . So the square is isomorphic to the square 



where i: J 



Hom^(P, G) 

Hom(i,G) 

Hom^J.G) - 
P is the inclusion. 



map^P, G 



st ) 



m aPsT (£(HZ c ),G st ) 



The map 5: £(ifZ c ) — ► J (|1U.1() which is adjoint to the universal derivation 
is a stable equivalence by Theorem ll0.2l We let a: J c — > J be a cofibrant ap- 
proximation of the functor J in the strict model structure of simplicial functors 
where the weak equivalences are defined objectwise; equivalently, the normal- 
ized chain complex of J c is a projective resolution of J. Then 5: £.(H7* C ) — ► J 
lifts to a map of simplicial functors 5: £(HZ* C ) — ► J c . The lift 5 is then a 
stable equivalence between cofibrant simplicial functors. Since G s t is homotopy 
additive, alias stably fibrant, the map 5 induces a weak equivalence of simpli- 
cial abelian groups upon application of m&p s:F (— , G s t) ■ Since G is a constant 
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simplicial functor, the map 

map s jp(a, G) : Horn^-( J, G) = map s jr( J, G) — ► map s ^-( J c , G) 

is an isomorphism. In other words, it suffices to show that the square in the 
category of simplicial abelian groups 

map sJ r(P, G) ->■ map s jp(P, G s t) 

map(ioo,G) map(tod, G a t) 



map s jp( J c , G) >■ map sJF ( J c , G 



St) 



is homotopy cocartesian. For this in turn it is enough to show that the map on 
horizontal homotopy cofibres 

map sf (ioa,G 5 (/G) : map s ^-(P, G st /G) — * map sJ r(J c , G st /G) 

is a weak equivalence where G s t/G denotes to cofibre of the stabilization map. 

If K and K' are two simplicial functors such that K is cofibrant, then the 
Dold-Kan theorem provides a natural isomorphisms of groups 

ir n map s ^ (if, K') ^ [NK[n],NK'] 

for n > 0, where TV" is the normalized chain complex and [— , — ] denotes maps in 
the derived category T> + (J r ) of bounded below chain complexes of functors. The 
normalized chain complex of J c is quasi- isomorphic to J, and the normalized 
chain complex of G s t is the cubical construction QG. So we need to show that 
the map 

[P[n},QG/G] — [J[n],QG/G] 

is an isomorphism for n > 0. The short exact sequence of functors J — > 
P — ► / yields a long exact sequence after applying [—,QG/G] , so it is enough 
to show that the groups 

[I[n],QG/G] = Ext^ n (I,QG/G) 

vanish for n > — 1. This in turn follows from the assumption that the map 

Ext£(J,G) — » Ext^(/,QG) 

is an isomorphism for all integers m < 2. □ 



12 Cohomology of symmetric power functors 

The purpose of this section is to prove that the symmetric power functors satisfy 
the homological criterion of Theorem lll.il this completes the proof of the main 
theorem. 
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Theorem 12.1 For all m € Z, all k > 1 and all abelian groups A the map 

Ext^(/,A®S fc ) — ► Ext^(I,Q(A®S k )) 
is an isomorphism. 

Remark 12.2 Theorem 112.11 can be interpreted as saying that MacLane co- 
homology coincides with topological Hochschild cohomology for the symmet- 
ric power functors, compare Remark 111.21 The groups Extjr(J, A ® S k ) have 
been calculated for A = Z/p and for A = Z by Franjou-Lannes-Schwartz and 
Franjou-Pirashvili, see |17l Thm. 6.6 and Prop. 9.1] and |18l 2.1]. So Theo- 
rem 112.11 is a calculation of the topological Hochschild cohomology groups of 
HZ with coefficients in the bimodule (A g> S k )' . In particular, the topological 
Hochschild cohomology groups of HZ with coefficients in (A <g> S k )' are trivial 
in negative dimensions. 

Our proof of Theorem 112.11 is not completely satisfactory because it uses the 
explicit calculations of the groups Ext™ (J, S k ); these enter as the sparseness 
hypothesis (c) of Theorem 112.31 below. It would be desirable to have a direct 
proof of Theorem 112.11 which would hopefully shed more light on the question 
for which coefficient functors MacLane cohomology coincides with topological 
Hochschild cohomology. Example II 1 . 31 shows that some restriction on the func- 
tor has to be imposed. 

Theorem 112. II is a special case of the following Theorem 112.31 To apply it, we 
choose a projective resolution — ► I of the functor / in the abelian category 
T . Then we let T: Ch + (^ r ) — > coCh be the homomorphism complex out of 
this resolution, 

T(X) = Rom^(P^X) . 

So T(X) is a (usually unbounded) cochain complex of abelian groups and as 
a functor of X it is additive, exact, and preserves inverse limits and quasi- 
isomorphisms. The cohomology groups of Hom^r(P*,X) are the hyper-co- 
homology groups Ext^(I , X) . By a theorem of Pirashvili ( |34| 2.15], see also 
[T71 0.4] or the appendix of [I]), the extension groups Ext^r(I, — ) vanish for 
every diagonalizable functor (|8.9I (e)), so Hom^-P*,— ) takes diagonalizable 
functors to acyclic complexes. The sparseness condition (c) is proved in [TTfl 
Prop. 2.1]. 

The homomorphism complex Hom^P*, — ) is the only functor to which we 
apply Theorem 112.31 nevertheless we state and prove it in the general form 
because we think it makes the proof more understandable. 
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Theorem 12.3 Let T: Ch + (JF) — ► coCh be a functor from the category 
of bounded below chain complexes in the abelian category T to the category 
of (not necessarily bounded) cochain complexes of abelian groups. Suppose 
furthermore that 

(a) T is additive, exact and preserves inverse limits and quasi-isomorphisms, 

(b) the complex T(D) is acyclic for every diagonalizable functor D € J- if&ifl 
(e)), considered as a complex concentrated in dimension 0, and 

(c) T is sparse on symmetric powers in the sense that for all k > 1 the co- 
homology of the complex T(S k ) is concentrated in dimensions congruent 
to 1 modulo Ik. 

Then for all abelian groups A, and all k > 1 the natural map 

T(A®S k ) — » T(Q(A ® S k )) 

is a quasi-isomorphism. 



Remark 12.4 The heart of Theorem 112.31 is a convergence issue, or a ques- 
tion to what extent the functor T commutes with infinite sums (up to quasi- 
isomorphism). Indeed, for any functor G 6 J 7 , the cokernel of the stabilization 
map G — > QG is a bounded below complex of diagonalizable functors |271 
7.4], usually with non-trivial homology in arbitrarily high dimensions. So the 
cokernel QG/G can be written as the colimit of a sequence of bounded complex 
of diagonalizable functors. So if a functor T as in Theorem II 2 . 31 commutes with 
filtered colimits or infinite sums, then properties (a) and (b) already imply that 
T(QG/G) is acyclic, and so T(G) — ► T(QG) is a quasi-isomorphism, for all 
G € J- . In the case of interest for us, namely T = Hom^P*, — ), the functor 
T fails to commute with infinite sums, essentially because the inclusion func- 
tor / is not a small (or compact) object in the derived category of T . And 
indeed, Hom^i 3 *, QG/G) fails to be acyclic in general as Example 111.31 shows . 
However the sparseness condition (c) makes it possible to obtain the desired 
conclusion for the symmetric power functors. 



The following observation goes back, at least, to Dold and Puppe jllj . For every 
k > 1 let dk denote the greatest common divisor of the binomial coefficients 
Q for 1 < % < k- 1. Then 

^ ( p if k = p h for a prime p and h > 0, 

1 1 else. 
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Lemma 12.5 [111 10.9] For every k > 1 and every abelian group A, multipli- 
cation by the number on the functor A® S k factors over a diagonalizable 
functor \8.yi (e)). In particular, if k is not a prime power, then A <g> S k is a 
retract of a diagonalizable functor. 

Proof For every 1 < i < k — 1 the co-multiplication of the symmetric algebra 
gives a map of functors 

A i>k _i : A®S k — ► A ® S { <g> S k ~ l ■ 

the explicit formula for this map is given by 

a®x\ Xk i — ► a® (JJ Xj) <g> (JJ Xj) . 

TC{l,2,..,fc}, \T\=i jeT jgT 

The composite of Aj^-j with the natural projection A (g> S l ® S k ~ l — > A(S>S k 
is multiplication by the binomial coefficient ( .) . So if we choose a presentation 




for suitable integers Aj then the composition 

A ®S k ^ ' > A^S i ®S k ~ l — . 

i=l 

is multiplication by the number d^ . □ 

Finally, we give the proof of Theorem 112.31 For a functor G € J- we use 
the notation for the quotient complex QG/G. By the exactness of T we 
then have to show that for all abelian groups A, and all k > 1 the complex 
T(Q(yl(g><S fc )) is acyclic. 

Step 1 Diagonalizable functors 

Suppose .D G .F is diagonalizable (|8.9I (e)). Then Q-D is an acyclic complex by 
18.91 (e). and so T(QD) is acyclic. By property (b) of the functor T the complex 
T(D) , and hence, by exactness, the quotient complex T(QD) is also acyclic. 

If k is not a prime power then A £ED S k is a retract of a diagonalizable functor 
by Lemma 112.51 so Theorem I12.HI holds for such exponents. From now on we 
assume that the exponent is of the form k = p h for a prime number p and some 
h>0. 
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Step 2 Reduction to the case A = Z/p 

For the course of this proof we call an abelian group A good if the complex 

T(Q(A®S ph )) 

is acyclic. We show that if the group Z/p is good, then every abelian group is 
good. 

Multiplication by the number p is an epimorphism on the functor Q/Z <S> S p 
with kernel isomorphic to Z/p <S> S p . Since the cubical construction and the 
functor T are exact, multiplication by p on the complex T(Q(Q/Z <g> S ph )) is 
surjective and has kernel isomorphic to T{Q{Wj/p<^)S ph )) , which is acyclic since 
Z/p was assumed to be good. So multiplication by p is a quasi-isomorphism 
on the complex T((J(Q/Z dii S p )). On the other hand, multiplication by p on 
Q/Z(g)5 p factors over a diagonalizable functor D , say, by Lemma 112.51 So 
multiplication by p on T(Q(Q/Z®S p )) factors through the complex T(QD), 
which is acyclic by Step 1. Since multiplication by p on T(Q(Q/Z®S p )) is both 
a quasi-isomorphism and factors through an acyclic complex, T(Q(Q/Z(S>5 P ' 1 )) 
must itself be acyclic, and so the group Q/Z is good. 

The Q -construction and the functor T commute with products. So the product 
of a family of good abelian groups is again good. In particular a product of any 
number of copies of the group Q/Z is good. Every injective abelian group is 
a summand of a product of copies of Q/Z, hence injective abelian groups are 
good. 

If A is a subgroup of an abelian group B , then the sequence of functors 

— » A®S ph —> B®S ph —> {B/A)®S ph — > 

is exact. Since the cubical construction and the functor T are also exact, A 
is good as soon as B and B/A are. Since an arbitrary abelian group can be 
embedded into an injective abelian group with injective cokernel, every abelian 
group is good. 

Step 3 Reformulation in terms of exterior power functors 

Let A ph £ T denote the exterior power functor of degree p h . The Koszul 
complex (see 1251 4.3.1.7] or |17l 3.2]) is an extension of length p h — 1 of the 
functor Z/p (g> A ph by the functor Z/p® S ph with the special property that 
all functors occurring in the extension are diagonalizable. By Step 1, all these 
intermediate terms are sent to acyclic complexes by T(Q-). Since both T and 
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Q are exact, the complex T(Q(jL/p®S p )) is acyclic if and only if the complex 
T(Q{Z/p®AP h )) is acyclic. 

The spareness assumption 112,31 (c) on the cohomology of T(S ph ) and the short 
exact sequence of functors 

o s ph s ph — ► z/ P ®s ph — » 

imply that the cohomology of the complex T(Z/p (g) S ph ) is concentrated in 
dimensions congruent to or 1 mod 2p h . The existence of the Koszul complex 
then shows that the cohomology of the complex T(Z/p ® A p ) is concentrated 
in dimensions congruent to p h — 1 or p ft mod 2p h . 

Now we set up an induction on the exponent h. For the inductive step we 
use a certain complex of functors which relates the exterior power functor of 
degree p h to that of degree p^ 1 . Here and in what follows we extend the 
cubical construction to bounded below chain complexes of functors by applying 
the functor Q dimensionwise and taking the total complex of the resulting 
bicomplex. This extended Q -construction is still exact and preserves quasi- 
isomorphisms. 

Step 4 There exists a complex C of functors from J 7 , concentrated 
in non-negative dimensions, with the following properties: 

(a) In dimension zero, Cq = "L/p ® A ph and the inclusion Z/p <g> A ph — > C 
induces quasi-isomorphisms 

Q{Z/p®A ph ) — ► QC and T(Z/p®A ph ) — ► T(C) . 

(b) All non-trivial homology functors of C are isomorphic to Z/p <g> A ph 1 . 

We let .F(Fp) denote the category of reduced functors from finitely generated 
F p -vector spaces to ¥ p -vector spaces. We first construct a complex in the 
category J-(F p ) ; the desired complex is then obtained by composition with 

— (g) F p : (f.g. free abelian groups) — > (f.g. F p -vector spaces) 

and the inclusion of ¥ p -vector spaces into abelian groups. 

For every F p -vector space V let L*(V) denote the quotient of the symmetric 
algebra on V by the ideal generated by all p-th powers of elements. Then L*(V) 
inherits the grading from the symmetric algebra and we let L n {V) denote the 
summand of homogenous degree n. If p = 2, then the functors L n coincide 
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with the exterior power functors A n . By |16l 1.3.1] there exists a complex X 
(a quotient of the deRham complex) with 



Xi 




for < i < p h 
else. 



whose only non-trivial homology is in dimension p h 1 (p — 1) where we have 

„h-l 

(we have reversed the grading of |161 1.3.1] so that the differential decreases the 
dimension and X is a chain complex as opposed to a cochain complex). The 
complex X is part of the complex we are looking for, and we obtain the other 
part by dualization as follows. 

The dual DF of a functor F G F(F p ) is defined by DF(V) = F(V V ) V , 
where V v refers to the dual vector space of V . DF is again an object of the 
category F(¥ p ) . Dualization is contravariant and exact in F and it satisfies 
D(F ® G) = DF <g> DG. The exterior power functors and the functors L n 
are self-dual, ie, there are isomorphisms DA ¥ = A ¥ and DL n = L n . So if 
we dualize the complex X we obtain a complex DX which is concentrated in 
dimensions — p h through 0, which satisfies (DX)q = A ¥ , (DX)_ p h = L ph and 
whose only non-trivial homology is 

H ~ P h -Hp-i) DX = DA ¥p = A ¥p . 
The desired complex C is now obtained by splicing infinitely many copies of the 

h n^ 1 

complexes X and DX alternatingly at L p and , and then passing from 
the complex in J-(¥ p ) to a complex in T . More precisely, 

Co = a£ 

( Xi for 1 < % < p h — 1 and n > even, 

( -n( P "-i)+ l | DX ph _i for 1 < * < p h - 1 and n > odd. 

The map Qi^Ljp ® A ph ) — > QC : Let C/Cq denote the quotient complex 
which is equal to C except in dimension zero, where it is trivial. The complex 
C/Co is bounded below and consists entirely of diagonalizable functors. Since 
the Q -construction of a diagonalizable functor is acyclic ([8.91 (e)), the complex 
Q{C/Cq) is also acyclic. Since Q is exact, the map Q{Z,/p® A p ) — ► QC is a 
quasi-isomorphism. 

The map T(Z/p® A ph ) — > T(C) : The fact that this map is a quasi-isomor- 
phism is a consequence of the sparseness assumption 112.31 (c) on T. In more 
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detail: the complex C/Co can be written as the inverse limit of the tower of 
truncated complexes K n defined by 

( d if 1 < i < 2n(p h - 1), 

(K n )i = I Z/p®A ph if i = 2n(p h - 1) + 1, 
[ else. 

The boundary maps of K n are those of C and the inclusion of the cycles 

Z/p®A ph D(X ) — > D{X L ) = C^.x) . 

The chain map K n+1 — > K n is the identity up to dimension 2n(p h — 1) and 
the epimorphism 

C2n(pk-i)+i = x i — > X = Z/p®K ph . 
in dimension 2n(p h — 1) + 1. 

For each n, the kernel of the projection K n — ► {^/p ® A ph )[2n(p h — 1) + 1] 
onto the top functor is a bounded complex of diagonalizable functors. Since 
T is exact and takes diagonalizable functors to acyclic complexes, the induced 
map 

T(K n ) T((Z/p®AP h )[2n{p h - 1) + 1]) 

is a quasi-isomorphism. 

By the sparseness assumptions and Step 3, the cohomology of T(Z/p <g> A ph ) is 
concentrated in dimensions congruent to p h — 1 and p h mod 2p h . Hence the 
cohomology of T{K n ) is concentrated in dimensions congruent to — 2n+p h and 
—2n+p h + l mod 2p h . Hence the surjective map T(K n+l ) — ► T(K n ) induces 
trivial maps on cohomology groups for dimensional reasons. Since T commutes 
with inverse limits, T{C/Cq) is the inverse limit of the tower of complexes 
T{K n ) for n > 1, so T(C/C ) is acyclic. 

Example 12.6 It might be instructive to describe the complex C just con- 
structed in the smallest non-trivial case, namely for p = 2 and h = 1 . Then C 
is the mod 2 reduction of an 'integral' complex C defined by 

'0 if * < 0, 
d = I A 2 if i = 0, and 
k 7(8) J if i > 0. 

The differential eZj : Cj — > Cj_i is given by 

x Ay if z = 1, 

di(x ® y) = { x y + y ® x if i > 2 and i is even, 
x ® y — y (g> x if i > 2 and i is odd. 
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The homology of the complex C is given by 

„ ~ ^ f Z/2 (g) I if i > 1 and i is odd, 
Hi ° = { else. 

Since the homology functors of C are additive and since C is diagonalizable 
in positive dimensions, C is quasi-isomorphic to the cubical construction QA 2 . 
Hence bv 18.91 (b) we can read off the Dold-Puppe stable derived functors of A 2 
as 

L st A 2 s ff . ^/ z n ^ f Z/2 if i > 1 and t is odd, 
1 ' ~ \ else, 

compare e.g. |5U| . The complex C constructed in Step 4 for p = 2 and h = 1 is 
isomorphic to the reduction Z/2 <8> C; by the universal coefficient theorem, the 
homology functors of C are thus isomorphic to the functor Z/2 ® / in every 
positive dimension, and trivial otherwise. 



Step 5 The complex T(Q(Z/p A p )) is acyclic for all /i > 0. 

We proceed by induction. For h = we have Z/p (8) A 1 = Z/p ® / which is 
an additive functor. Thus all cross-effect vanish and by property 18.91 (c) of the 
cubical construction, the complex (^(Z/pCgiA 1 ) is trivial. Hence T(Q(Z/pt8'A 1 )) 
is also trivial. 

Now suppose that h > 1 and assume that T{Q{'L/p® A ph X )) is already known 
to be acyclic. Let C be any complex as in Step 4. We consider the commutative 
square of bounded below chain complexes of functors 

Z/p®AP h 



Q{Z/p®AP h ) *QC 

where we view the functor Z/p (g> A ph as a complex concentrated in dimension 
zero and the horizontal maps are induced by the inclusion Z/p <g> A ph — > C . 

By property (a) of the complex C and since T preserves quasi-isomorphisms, 
both rows of the square induce a quasi-isomorphism after applying T. Since T 
is exact, the map 

T(Q(Z/p® A ph )) — ► T(QC) 

is thus a quasi-isomorphism. So in order to finish the induction step, it remains 
to show that the complex T(QC) is acyclic. 
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This last step is where the induction hypothesis is used. The complex C is the 
inverse limit of its Postnikov tower (homological truncations) 

• • • — > P„ — » • • • — » Pi — > P — ► P-i = . 

In the tower each map P n — ► P n -i is a surjection whose kernel is quasi- 
isomorphic to the n-th homology functor of C concentrated in dimension n. By 
property (b) of the complex C all non-trivial homology functors are isomorphic 
to the exterior power functor Z/p <8> A p , for which we already know that the 
map T{Q{Z/p ® K ph 1 )) is acyclic. Since the Q -construction and T are exact 
we conclude by induction that for all n > the complex T(QP n ) is acyclic. 

The Postnikov tower consists of bounded below chain complexes and it stabilizes 
in each dimension. So the complex QC is the inverse limit of the complexes 
QP n - Since T commutes with the inverse limits, T(QC) is the inverse limits 
of the acyclic complexes T(QP n ). Since T and Q also preserve epimorphisms, 
this inverse limit is acyclic. 



13 Perspectives 

We end the paper with an application of Theorem 15.21 which concerns an inter- 
esting homotopical property of the Gamma-ring DB. Then we discuss some 
variants of the Construction 1331 of Gamma-ring maps from formal group laws, 
and some possible directions for further investigation. 

For the application we use the conjugation action to obtain an obstruction 
to the existence of A; -algebra structures on Gamma-rings. With this tool we 
then show that the Gamma-ring DB is not stably equivalent to the Eilenberg- 
MacLane Gamma-ring of any simplicial ring (unless B is a Q-algebra). To 
motivate the criterion we look at the classical case of discrete rings first. If k is 
a commutative ring and A any associative ring, then the A: -algebra structures 
on A correspond to the central ring maps k — ► A. In particular, the unit 
map of every such k -algebra structure gives an element of the set Ring (A;, A) 
of ring maps which is a fixed point of the conjugation action of the units of 
A. Something similar happens for Gamma-rings. Suppose R is a Gamma-ring 
which is stably equivalent to an algebra over the commutative Gamma-ring 
k. Any chain of equivalences to a A: -algebra determines a homotopy class of 
Gamma-ring maps [77] € [k, R\n gn underlying the unit map of the algebra 
structure. 
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Theorem 13.1 Suppose n € Ring(/c, R) is a Gamma-ring map whose homo- 
topy class underlies a k -algebra structure of R. Then the conjugation action 
map 

UR X — ► Ring(Ar, R) , u i— ► u ■ r] ■ u^ 1 

is null-homotopic. So if the conjugation action map is essential for every com- 
ponent of the space Ring(/c, R) of Gamma-ring maps, then R is not stably 
equivalent to any k -algebra. 

Proof We can assume that R is itself a stably fibrant A: -algebra. Then Con- 
struction 021 can be done in the category of k -algebras, as opposed to Gamma- 
rings, relative to the trivial group (Lemma 14.41 is also valid in the category of 
A; -algebras). We obtain a diagram of A; -algebras 

k^=k >k[UR*] 



R^^Ri^^ R3 ■ 

Ignoring the A; -algebra structure we can use the objects in this diagram to 
model the space of Gamma-ring maps from k to R. More precisely, the space 
homgji(k c , R3) admits a conjugation action by the simplicial group UR X and 
this action is equivalent to the one in question (here k c is a cofibrant replace- 
ment of A: as a Gamma-ring). But in this model for the conjugation action, the 
composite of the approximation map k c — > k with the unit map k — ► R3 of 
the A; -algebra structure on R$ is a point-set level fixed point of the conjugation 
action of UR X . □ 

If we combine the previous result with Theorem 15.21 we can deduce that the 
Gamma-ring DB is not stably equivalent to the Eilenberg-MacLane Gamma- 
ring of any simplicial ring, unless B is an algebra over the rational numbers. 
This should be compared to Theorem 13.21 (b) which says that as a T-space, 
DB is stably equivalent to the smash product HZ f\ L HB. In other words, 
DB 'additively' decomposes into a product of Eilenberg-MacLane T-spaces. 
In contrast the following corollary shows that the multiplicative structure of 
DB is genuinely homotopy-theoretic. The idea of the proof is that any stable 
equivalence between DB and a simplicial ring would give DB the structure 
of an .ffZ-algebra. Such an algebra structure in turn gives rise to a "central" 
Gamma-ring map HZ — ► DB (in the sense of Theorem 113. 1|) . But Theorem 
15.21 identifies all Gamma-ring map from HZ to DB and shows that none of 
them is "central". 
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Corollary 13.2 For a commutative ring B the following conditions are equiv- 
alent. 

(1) B is an algebra over the rational numbers. 

(2) The projection DB — * D\B = HB is a stable equivalence of Gamma- 
rings. 

(3) DB is stably equivalent (as a Gamma-ring) to the Eilenberg-MacLane 
Gamma-ring of a simplicial ring. 

Proof Condition (1) is equivalent to condition (2) by Theorem 13.21 (b), and 
condition (2) implies condition (3). The proof that condition (3) implies condi- 
tion (2) is a combination of Theorem 113.11 in the case k = HZ, with Theorem 
15.21 Assume that condition (3) holds. Since the Eilenberg-MacLane Gamma- 
ring of a simplicial ring is an HZ -algebra, there exist a component of the space 
tVmg{HZ, DB) of Gamma-ring maps for which the conjugation action map 
DB X — ► Ring(i?Z, DB) is homotopically trivial, by Theorem 113. II But this 
map is part of a homotopy fiber sequence 

(DB)* — ► Rmg(HZ, DB) — > Rmg(HZ,DB)/con]. 

Since the base of this fibration is weakly equivalent to the classifying space of 
a groupoid (Theorem 15. 2|) . its homotopy groups are trivial above dimension 
1. So the conjugation action map is injective on homotopy groups in positive 
dimensions. Since the map is also null-homotopic, the space (DB)* must be 
weakly contractible, which implies condition (2). □ 

13.3 Coordinate free definition The definition of the Gamma-ring DB 
and the Gamma-ring map F* depended on a formal group law F, ie, on a 
1-dimensional commutative formal group with a choice of coordinate. We will 
now describe coordinate-free versions of these constructions which at the same 
time are defined in a more general context. 

As input we consider a category C which has a zero object and finite coproducts. 
The natural enrichment of C over the category r op of finite pointed sets is given 
by 

X A k + = X n • ■ • II X (coproduct in C). 

k 

Every object X of C has an endomorphism Gamma-ring |461 4.6], denoted 
Endc(X) and defined by 

Endc(X)(k + ) = Rom c (X,X A k + ) . 
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The unit map S — ► Endc(^) comes from the identity map of X, viewed 
as a point in EndeP0(l + ), and the multiplication Endc(X) A Endc(A) — ► 
Endc(X) is induced by the composition product 

End c (X)(k + ) A End c (X)(/+) — ► End c (X)(£; + A l + ) , 
f A g .— ► (/ A l + ) o g . 

As an example we can take C to be the category of commutative, complete 
augmented -B-algebras. If we choose the object X to be the power series ring 
on one generator, then the endomorphism Gamma-ring of X is precisely DB. 

Now we suppose that the object X of C is equipped with the structure of 
abelian cogroup object. So there is a given co-addition map X — ► XUX and 
a co-inverse map X — * X which make the set Home(X, Y) into an abelian 
group, natural for all objects Y of C Every abelian cogroup structure on X 
gives rise to a homomorphism of Gamma-rings HZ — > Endc(X) as follows. 
At a finite pointed set k + the map 

HZ(k + ) = Z[k + ] — ► Romc(X,X A k + ) = End c (A)(A; + ) 

is the additive extension of the map that sends i € k + to the i-th coproduct 
inclusion X — ► X A k + . When C is the category of commutative, complete 
augmented -B-algebras and X is the power series ring on one generator, then 
making X into an abelian cogroup object is the same thing as giving a (1- 
dimensional, commutative) formal group law F over B. Furthermore, in this 
case the map HZ — > Endc(A) arising from the abelian cogroup structure 
corresponds to the map F* of Construction under the identification DB = 
Endc(A") . So from this point of view construction 18 . 51 is just a special case of the 
fact that every abelian cogroup structures gives rise to a homomorphism from 
the Eilenberg-MacLane Gamma-ring HZ to an endomorphism Gamma-ring. 

13.4 Non-commutative formal group laws Construction l3.5l can be mod- 
ified to work for not necessarily commutative formal group laws, but this variant 
does not lead to any interesting phenomena. There is a Gamma-ring, denoted 
by Gp, which is constructed the same way HZ is, but with free groups instead 
of free abelian groups. So as a T-space, Gp takes a pointed set to the reduced 
free group it generates. The multiplication again comes from substitution, this 
times words in the generators of the free groups are substituted into each other. 
Abelianization gives a Gamma-ring map Gp — > HZ. If F is a 1-dimensional 
but not necessarily commutative formal group law over the commutative ring 
B, then it gives rise to a Gamma-ring map 

F* : Gp — » DB 
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in much the same way as in Construction 13 1 51 The Gamma-ring map F* factors 
over HZ if and only if the formal group law F is commutative. 

While the construction makes sense, Gp is uninteresting as a source of Gamma- 
ring homomorphisms: we claim that the unit map § — ► Gp from the sphere 
Gamma-ring is a stable equivalence. This claim follows from the fact that 
the map from a high dimensional sphere into the free group it generates is an 
equivalence in the stable range. Since the Gamma-ring Gp is stably equivalent 
to the initial Gamma-ring, the derived space of homomorphisms into any other 
Gamma-ring is contractible. 

13.5 Higher dimensional formal group laws Another variant of Con- 
struction E3] proceeds from an n-dimensional commutative formal group law 
F . This time the construction gives a weak Gamma-ring map 

: HZ — ► M n (DB) 

into the Gamma-ring of n x n -matrices over DB. For an arbitrary Gamma- 
ring R the Gamma-ring M n {R) of n x ra -matrices over R is defined as the 
endomorphism Gamma-ring of the free R -module on n generators, ie, 

M n (R) = Rom R . mod (R A n + ,R A n + ) 

(here HoniR refers to the internal homomorphism r -space in the category 
of R -modules). We define another Gamma-ring M n (DB) as the endomor- 
phism Gamma-ring, in the sense of 113.31 of the power series ring in n gen- 
erators in the category of augmented, complete S-algebras. Then there is a 
stable equivalence M n (DB) — * M n (DB). Since an n-dimensional commu- 
tative formal group law F is the same thing as an abelian cogroup structure 
on the power series ring in n variables, it leads to a map of Gamma-rings 
F, : HZ — ► M n {DB). 

13.6 Formal module structures Yet another variation of our main theme 
consists in considering formal module structures over an associative ring R. A 
(1 -dimensional) formal R-module (law) over a commutative ring B consists of 
a (1-dimensional and commutative) formal group law F and a ring homomor- 
phism from R into the endomorphism ring of the formal group law F . In the 
spirit of Construction l3~51 any formal -R-module structure F over B gives rise 
to a Gamma-ring map F* : HR — ► DB with source the Eilenberg-MacLane 
Gamma-ring of R. 

By the same method as in Section |S] we obtain a map 

k r : FR~^od St \B) — ► Rmg(HR,DB)/con}. 
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from the groupoid of formal -R-module structures over B and strict isomor- 
phisms to the homotopy orbits of the derived space of Gamma-ring maps by 
the connected component of the homotopy units DB X . It seems reasonable to 
expect that the map kr is again a weak equivalence; whether this is the case 
depends on whether the appropriate analog of Theorem 1 1 2 . 1 1 holds over the ring 
R. 

We denote by i? com = R/{rs — sr) the quotient of R by the commutator ideal. 
Then the arguments of Sections 1^1 through 1111 can be adapted to show: 

Theorem 13.7 Suppose that the ring R has the following property: for all 
m € Z, all k > and R com -modules A the map 

Ext™ (/ jco m) (/, A ® R co m S k ) — ► Ext™ (i?C o m) (/, Q(A (gjflcom s k )) 

is an isomorphism. Then the map 

k r : FR^n7od St \B) — ► Rmg(HR, DB) /conj. 
is a weak equivalence of simplicial sets. 

The hypothesis is true for R = 7L — this is the content of Theorem 112.11 The 
proof of Theorem 1 1 2 . 1 1 can be adapted to establish the hypothesis for R = Z/n. 
We conjecture that indeed the hypothesis holds in general; we expect that a 
'good' proof of Theorem 112. 11 ie, a proof that does not use the calculations of 
the MacLane cohomology groups Ext^i", S k ) as input, would also work in the 
more general context. If this is the case, the map is a weak equivalence for 
any ring R. 

Example 13.8 Suppose B is an F p -algebra and F a formal group law over 
F . In this case we can reinterpret the height of F in terms of the homotopy 
class of the Gamma-ring map F* . 

The p-series of F is either trivial or of the form 

[p]f(:e) = u ■ x p + terms of higher degree 

for some h > 1 and some non-zero u € B . The number h is called the height 
of F . If \p]jr = 0, then F is isomorphic to the additive formal group law |19[ 
III. 1 Cor. 2], and the height of F is infinite. 

Claim The height of F is equal to the largest number h such that 

HZ — ^ DB — ► D p h_ 1 B 
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can be factored, in the homotopy category of Gamma-rings, over the Eilenberg- 
MacLane Gamma-ring for ¥ p . 

Indeed, if F has height h, then for every pointed set K the map 
F»{K) : Z[K] = HZ[K) — ► DB(K) C B\K\ 

satisfies 

F*{p ■ x) = \p\f(F*(x)) = modulo degree p h . 
So the composite map 

HZ — DB — ► D p h_iB 

factors uniquely over H¥ p on the point-set level. Conversely, suppose that 
there exists a commutative square in the homotopy category of Gamma-rings 

HZ ^DB 



HW p Djfi_ x B 

By the analog of Theorem 16.41 for buds of formal ¥ p -modules (which holds 
since the hypothesis of Theorem 113.71 are satisfied for R = ¥ p ), the maps from 
H¥ p — ► D h_iB in the homotopy category of Gamma-rings are in bijective 
correspondence with strict isomorphism classes of p^-buds of formal ¥ p -module 
structures on B. But over an F p -algebra every formal ¥ p -module bud is strictly 
isomorphic to the additive formal group law |19l III. 1 Cor. 2]. Hence the (p h — 
1)— buds of F and of the additive formal group law over B induce the same maps 
HZ — ► D p h_iB in the homotopy category of Gamma-rings. By Theorem 16.41 
the (p h — 1)— bud of F is thus strictly isomorphic to the (p h — l)-bud of the 
additive formal group law, and so \p]p = modulo degree jr — 1. So the height 
of F is at least h. 
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